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Resumo

Sabe-se que estrelas se formam dentro de nuvens moleculares, a partir do colapso gra-

vitacional. Ao mesmo tempo, acredita-se que a formação e manutenção destas estrutu-

ras seja feita pelos movimentos turbulentos do flúıdo magnetizado dentro destas nuvens.

Neste trabalho nós exploramos, através de simulações numericas tridimensionais (3D)

e diferentes métodos estat́ısticos, incluindo PDF (Função Densidade de Probabilidade),

PRS (Estat́ıstica de Rayleigh Projetada), e o espectro de potências, como a turbulência

magnetohidrodinâmica (MHD) está conectada à formação de nuvens moleculares. Nós

inicialmente introduzimos turbulência em um meio homogêneo isotérmico permeado por

uma campo magnético uniforme, considerando diferentes regimes que vão desde transônico

até supersônico, e de sub-Alfvénico a super-Alfvénico. Nós consideramos duas principais

famı́lias de modelos, uma sem auto-gravidade e outra incluindo a auto-gravidade no gás,

a fim de explorar o colapso das estruturas no domı́nio da nuvem molecular. Nossos princi-

pais resultados podem ser resumidos da seguinte forma: (i) Há uma clara correlação entre

os gradientes de densidade (e densidade colunar) com o campo magnético em sistemas

sub-Alfvénicos com e sem auto-gravidade, com regiões menos densas aparecendo mais ali-

nhadas com o campo magnético e regiões mais densas aparecendo mais perpendiculares

com o campo magnético. Esta diferença é maior para números de Mach sônicos maiores,

que causam uma maior fragmentação das nuvens; (ii) Modelos super-Alfvénicos sem auto-

gravidade apresentam a maioria das estruturas paralelas ao campo magnético, devido à

predominância dos efeitos de compressão, sem uma dependência importante com o número

de Mach sônico; (iii) Em modelos sub-Alfvénicos, verificou-se que a direção da linha de

visada (em inglês, LOS) influencia a distribuição das componentes projetadas do campo

magnético no plano céu (B⊥). Este mostra menos coerência quando a LOS é paralela ao



campo magnético inicial. Ainda assim, regiões menos densas aparecem predominantemente

paralelas a B⊥ e regiões mais densas aparecem mais perpendiculares a ele, especialmente

quando auto-gravidade é considerada; (iv) Para modelos super-Alfvénicos, as estruturas

presentes nos mapas de densidade colunar aparecem maioritariamente alinhadas a B⊥ e

os mapas apresentam um comportamento bastante similar em diferentes LOS (i.e., pa-

ralelo a, perpendicular, ou com um angulo de 45◦ em relação ao campo inicial); (v) A

introdução da auto-gravidade aumenta a formação de estruturas densas perpendiculares

ao campo magnético (já que forças gravitacionais forçam o colapso da matéria mais fa-

cilmente ao longo das linhas), principalmente em modelos sub-Alfvénicos. Este efeito em

modelos super-Alfvénicos fica mais aparente apenas para números de Mach sônicos maio-

res; (vi) A comparação dos resultados obtidos em nossos modelos com observações feitas

por Planck, Herschel e BLASTPol, indicam que os nossos modelos sub-Alfvénicos podem,

qualitativamente, reproduzir melhor as caracteŕısticas de nuvens observadas. Não apenas

o comportamento do PRS observado, mas também a coerência geral do campo do campo

magnético projetado B⊥ é compat́ıvel com nossos modelos sub-Alfvénicos para a maior

parte das nuvens. Há nuvens em que as torções de B⊥ observadas podem ser explicadas

com efeitos relacionados à direção da LOS. Nuvens como Aquila, por exemplo, podem

ser bem representadas por modelos sem auto-gravidade ou em estágios iniciais de colapso,

enquanto que Taurus e Vela C possuem similaridades com modelos em um estágio mais

avançado de colapso gravitacional.



Abstract

Stars are known to form inside molecular clouds, out of gravitational collapse. On the

other hand, the formation and maintenance of these interstellar structures is believed to

be driven by turbulent motions of the magnetized fluid inside these clouds. In this work we

explore, by means of three-dimensional (3D) numerical simulations and different statistical

methods, including PDF (Probability Density Function), PRS (Projected Rayleigh Statis-

tics), and power-spectrum analyses, how magnetohydrodynamical (MHD) turbulence is

connected to the formation of star forming regions. We drive turbulence in an initially

homogeneous isothermal environment permeated by uniform magnetic field, considering

different regimes that go from transonic to supersonic, and sub-Alfvénic to super-Alfvénic

turbulence. We consider two main families of models, one without self-gravity and the

other including self-gravity in the gas in order to explore the collapse of structures into the

molecular cloud domain. Our main results can be summarized as follows: (i) There is a

clear correlation between the gradients of density (and column density) with the magnetic

field orientation for sub-Alfvénic systems with and without self-gravity, with less dense

regions appearing more aligned to the magnetic field and denser regions appearing more

perpendicular to magnetic field. This difference is enhanced for higher sonic Mach num-

bers, which cause more fragmentation of the clouds; (ii) Super-Alfvénic models without

self-gravity show structures mostly aligned to the magnetic field, due to dominance of the

compression effects, with no important dependence with the sonic Mach number; (iii) In

sub-Alfvénic models, the direction of the line-of-sight (LOS) of the integrated column den-

sity is found to influence the distribution of the projected component of the magnetic field

on the plane of the sky (B⊥). This shows less coherence when the LOS is parallel to the

initial magnetic field. Still, less dense regions appear predominantly parallel to B⊥ and



denser regions appear more perpendicular to it, specially when self-gravity is considered;

(iv) For the super-Alfvénic models, column density structures also appear mostly aligned to

B⊥ and maps yield very similar behaviour for different LOS (i.e., parallel, perpendicular,

or making an angle of 45◦ with the initial field); (v) The introduction of self-gravity enhan-

ces the formation of dense structures perpendicular to the magnetic field (as gravitational

forces enforce the collapse of matter more easily along the lines), mainly in sub-Alfvénic

models. This effect in super-Alfvénic models only becomes more pronounced for high so-

nic Mach numbers; (vi) The comparison of the results obtained from our models with

observations by Planck, Herschel and BLASTPol, indicates that our sub-Alfvénic models

can qualitatively better reproduce the characteristics of observed clouds. Not only the

behaviour of the observed PRS, but also the general coherence of the projected magnetic

field B⊥ is compatible with our sub-Alfvénic models for most clouds. There are clouds

where twists of B⊥ could be explained with effects related to the direction of the LOS.

Clouds like Aquila, for instance, can be well represented by models with no self-gravity or

in earlier stages of collapse, while Taurus and Vela C have some similarities with models

at a more advanced stage of gravitational collapse.
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Alfvénic models with self-gravity presented in Figure 3.16. The time con-

sidered for each map is indicated above each diagram. From left to right

the integration is along X (the direction perpendicular to the initial field),

XZ (45◦ with regard to the initial field) and Z (perpendicular to the initial

field) defined directions. From top to bottom initial Ms = 1.8, 4.0 and 7.0,

respectively. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

3.18 PRS time evolution for all super-Alfvénic (with MA = 2.0) models with
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Chapter 1

Introduction

In our galaxy, it is known that stars form inside molecular clouds. Over the decades,

many observations have been made, but the processes related both to the formation of these

clouds and the stars are not yet fully understood. In this chapter, it will be discussed the

main characteristics of these regions and what mechanisms are believed to be dominant

during their formation.

1.1 Molecular Clouds

When looking at the sky, there are several dark structures opaque to optical light

throughout our galaxy. These giant clouds come in various shapes and sizes, often being

associated with the birth of stars. Clouds like Perseus, Ophiucus and Taurus, for instance,

are mostly composed by molecules and opaque due to the presence of dust grains that

absorb optical starlight.

The dust has a temperature that varies between ∼ 12K, inside cores, and ∼ 20K, in

less dense regions, while the gas temperature in the less dense regions has a temperature

∼ 5K to ∼ 10K. In the low density regions, dust temperature is mainly regulated by the

equilibrium between the heating coming from the interstellar radiation field and the cooling

due to thermal radiation in the far-IR. At the same time, the low density gas temperature

is balanced by the heating from the ionization of cosmic rays and the cooling due to line

emission of molecules, mainly from CO. At higher densities, & 104cm−3, the coupling of

gas and dust becomes important due to collisions and the temperature of both components

may change, cooling or heating the gas depending on the temperature differences of the

two components. Still, the temperature estimated inside cores are around 10-15K (see
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Section 3.2 from Bergin and Tafalla (2007) and references therein).

There are several processes that could lead to the formation of Giant Molecular Clouds

(GMCs) and there is a long way to go before reaching the scales where stars are born.

For a deeper discussion of some of these mechanisms and formation of GMCs we refer to

Bergin and Tafalla (2007); McKee and Ostriker (2007); Hennebelle and Inutsuka (2019)

and references therein, below a summarized discussion will be made.

At first, there are two main roads to form a GMC. In a bottom-up approach, it is con-

sidered that the cloud results from several inelastic collisions of cold HI clouds1. However,

even in the best of scenarios, if only the collision of clouds is taken into account, it would

take too long to form a GMC and clouds would most likely be destroyed by supernova

explosions, since the life cycle of more massive stars would occur much faster than this

process (the lifetime for a 10M� star is about 30Myr). On the other hand, the top-down

approach considers large scale instabilities, such as Parker2, magneto-Jeans instabilities3

or the passage of a spiral arm, which could then create clouds in a time-scale closer to

what is expected, but this also needs careful consideration since we also need to explain

the presence of turbulence in the clouds (see section 3.2.1 from McKee and Ostriker (2007)

for further discussion).

For several decades now, it has been inferred that molecular clouds are turbulent en-

vironments. The formation of cold dense HI gas clouds in the interstellar medium (ISM)

should be a phase transition from the WNM (Warm Neutral Medium) that increases the

density abruptly. The result of this phase transition results in long lasting turbulent moti-

ons, which appear to be supersonic with regard to the the CNM (Cold Neutral Medium),

but subsonic with regard to the WNM (see Chapter 3 of Hennebelle and Inutsuka (2019)

and references therein). As an example, this turbulence appears subsonic with regard to

WNM, but supersonic with regard to the CNM. Ossenkopf and Mac Low (2002) compared

1 These are cold clouds, with densities 1−100cm−3 and temperature 100K. They are mostly composed

by neutral hydrogen and are detected through the 21cm line emission.
2 Given that the interstellar gas in the Galactic disk is supported against gravity mainly by a large

scale horizontal magnetic field and cosmic-ray pressure, this environment can become unstable to vertical

motions of the plasma, leading to magnetic “loops” rising from the initial configuration and creating

“valleys” where the material accumulates in the disk. We refer to Parker (1966); Mouschovias (1974) for

further details.
3 Magneto-Jeans instability refers to the Jeans instability in the presence of magnetic, which also intro-

duces a new magnetic pressure and tension components that can prevent the collapse.
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velocity structures from the MC Polaris with a set of hydrodynamic and MHD simulations

and found that these structures should be consistent with super-sonic turbulence driven

at scales of about, or larger than the size of the cloud. However, the lifetime of a molecu-

lar cloud (MC) can be of several Myr, while turbulence is expected to decay in ∼ 1 flow

crossing time (L/σv, where L is characteristic length of the system and σv is the velocity

dispersion; Mestel and Spitzer (1956)). Simulations of MCs that do not include energy

injection, generally evolve into a free-fall collapse of the material, which is not observed.

The characteristic free fall time of a homogeneous cloud can be calculated as:

tff =

√
3π

32Gρ
(1.1)

where G is the gravitational constant and ρ is the density of the cloud (for a cloud with

ρ ∼ 500cm−3, tff ∼ 3.5Myr, which is compatible with 1 flow crossing time. See Table

1 from Bergin and Tafalla (2007)). With that in mind, either clouds are young objects

and turbulence is still decaying, or there is one or more sources of energy that replenish

turbulent motions continuously, or turbulence is actually decaying slower than expected.

When it comes to a continuous injection of energy, some possibilities arise. Inside the

clouds, protostars can be important, even though they are unlikely to be able to explain

the ubiquity of turbulence. The turbulence cascade generally provides a flattening in the

spectrum on scales above the injection one, which means that the turbulence provided by

the early stages of star-formation might be important in the scales of clumps and cores,

but would not be able to affect the scales of the parenting cloud. At the same time, several

other events may occur in the vicinity of molecular clouds, which can drive turbulence. In

the diffuse ISM, supernova explosions are the dominant source of energy injection, whilst

inside spiral arms instabilities also make a significant contribution. But, considering that

clouds are characterized by the fact that they are denser than the medium around them,

energy coming from the outside is more likely to be reflected rather than to be transmitted

to inside of the cloud. This does not mean that these sources do not have an influence

over MCs.

Melioli et al. (2006) and Leão et al. (2009), for instance, analyzed the interaction

of supernova remnants (SNRs) with molecular clouds and derived the conditions under

which the clouds should be destroyed or induced to collapse. They conclude that this

mechanism is not sufficient to drive alone star formation in our galaxy, even though it is
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very potent and able to drive fragmentation. Another possibility of energy injection are

the HII regions, which are able to drive turbulence at the scales of the GMC (see McKee

and Ostriker (2007)) but also quench the star formation process. Spiral arms have also

been considered to drive turbulence, e.g. Falceta-Gonçalves et al. (2015) performed 3D

hydrodynamic simulations and found the spiral arms are able to drive turbulence in the

scales of MCs (∼ 100pc), converting about 10 to 25 per of the potential energy of gas

into turbulence per arm crossing. This seems to be of higher efficiency compared to other

models of turbulence driving and is also in agreement with observations of nearby galaxies.

Even though the origin of turbulence is not completely clear, its consequences are

easier to see. MCs are known to show filamentary structures, inside which about 70-

80% of stars are formed. Past works have shown that filaments can be formed even on

pure hydrodynamic simulations of MCs, but the consideration of the presence of magnetic

fields and self-gravity could enhance the formation of elongated structures (Hennebelle and

Inutsuka (2019) and references therein).

Several authors (e.g. Melioli et al. (2006); Hall et al. (2006); Mac Low et al. (2004);

Santos-Lima et al. (2010); Leão et al. (2013); Hennebelle (2013)) performed hydrodyna-

mical and MHD simulations of the ISM and analysed the aspect of the structures formed.

Among their findings, they verified that the presence of magnetic fields helps to create

more filamentary clumps and allows for structures to survive for longer. As we are going

to see in the next section, the nature of MHD turbulence naturally leads to anisotropy,

specially at smaller scales.

Previous studies have also concluded that, at least in the absence of self-gravity, mag-

netic fields and the velocity of the flow are preferentially aligned with each other in dense

regions (Banerjee et al. (2009); Iffrig and Hennebelle (2017)) and more recently, observa-

tions and numerical studies are indicating that the gradient of density is also correlated

to the magnetic field (Soler et al. (2013); Planck Collaboration et al. (2016); Soler and

Hennebelle (2017)).

The better understanding of the interlinks between magnetic fields, turbulence and the

formation and evolution of these IS structures can give clues on how the clumps are formed

and may help us to understand, for instance, why the star formation rate (SFR) in our

galaxy is low (∼ 3 − 5M�yr
−1; Shu et al. (1987)). Federrath and Klessen (2012) studied

different theories to estimate the star formation rate and compared with simulations and
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observation. They found their best fit for the estimations using a modified version of

Krumholz and McKee (2005) and Padoan and Nordlund (2011) theories and concluded

that the SFR is primarily dependent on interstellar turbulence, but magnetic field effects

can also be important.

In this work, we intend to further contribute to these studies and explore, by means of

3D MHD simulations, the evolution of turbulent MCs including the effects of self-gravity,

in different regimes of turbulence. Given this, in the subsequent sections we are going

to discuss the main aspects of hydrodynamical and MHD turbulence, and how these are

related to the gravity, star forming regions, and past works like those mentioned above

(Krumholz and McKee (2005); Padoan and Nordlund (2011)).

1.2 MHD turbulence in Molecular Clouds

Turbulence is a process present through several orders of magnitude in the ISM, e.g.

see the 3D estimated spectrum of the ISM from Chepurnov and Lazarian (2010); Lazarian

(2011). In this section it will be discussed the main characteristics of the hydrodynamic

and magnetohydrodynamic (MHD) turbulence.

1.2.1 Hydrodynamic Turbulence

A fully mathematical theory of turbulence does not exist, but through the decades,

some important qualitative results became known. A fully developed turbulence in a fluid

happens when there is an extremely irregular and disordered variation in the velocity in

time and space. This velocity continually fluctuates around a mean value. If this fluid,

however, has an ordered velocity field, the flow is laminar (Landau and Lifshitz (1959)).

Before discussing the properties of the MHD turbulence, we will begin with the hydro-

dynamical case. The flow’s velocity must obey the following equation for an incompressible

fluid (∇ · v = 0):

∂v

∂t
+ (v · ∇)v = −∇p

ρ
+ ν∇2v (1.2)

The second term on the right hand side of the equation is related to viscosity, which

helps to diminish the randomness in the velocity. If viscosity dominates the equation, the

flow becomes laminar. On the left hand side of the equation, however, the advection term
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highlights the non-linearity of the equation. When this term is more important, turbulence

can develop. If we compare these two terms, an important quantity can be calculated, the

Reynold’s number:

Re =
lv

ν
(1.3)

where l is a characteristic length at which gradients are calculated and v is a characteristic

velocity of the flow. Turbulent flows may arise when Re � 1, but the exact value of Re

that distinguishes a laminar flow can vary from one system to another.

Turbulence can be seen as the superposition of several eddies of different sizes. With

that, Re can be defined for eddies of different sizes, Reλ = λvλ/ν. Larger eddies have

bigger values of Reλ, with λ of the order of the size of system. As we go to smaller and

smaller eddies, this value becomes of the order of unity. This means that on these small

scales, viscosity becomes important and the flow becomes laminar.

Therefore, there is a “cascading” of energy, coming all the way from the injection scale,

with larger eddies, that will be dissipated at certain rate ε in the smaller scales, also referred

as the dissipative scale. This rate of dissipation of energy will be of the order of (Landau

and Lifshitz (1959)):

ε ∼ v3λ/λ (1.4)

where vλ is the velocity associated to the scale λ in the flow. This relation (Kolmogorov

and Obukhov’s scaling law) can be interpreted as in the following, v2λ gives the order of

magnitude of the total kinetic energy per mass in eddies with all scales of the order of λ

or less. The energy is dissipated at a rate ε, after cascading to the dissipative scales, in

the turnover time λ/vλ.

In the dissipative scale, Reλ is of order unity, which gives the order of magnitude of

the scale where viscosity becomes important. This value can be estimated as:

λν ∼ v3ν/ε (1.5)

λν ∼ ν/vν (1.6)
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vν ∼ ν/λ (1.7)

λ4ν ∼ ν3/ε (1.8)

The range of scales λ between the injection and dissipative scales, λ0 ≤ λ ≤ λν , is

usually referred as the inertial range. Kolmogorov and Obukhov’s law can be expressed

in an equivalent spatial spectrum form. Replacing the scales by the corresponding wave

number k ∼ 1/λ, we can write:

E(k) ∝ ε2/3k−5/3 (1.9)

where E(k)dk represents the kinetic energy per unit mass of fluid in eddies with k va-

lues in the range dk. This is Kolmogorov spectrum for the incompressible hydrodynamic

turbulence.

However, turbulence in the ISM can be also supersonic, as we have seen in Section 1.1.

With the sonic Mach number being defined as:

Ms =
v

cs
(1.10)

where cs is the sound speed of the environment. WhenMs > 1.0 fluid motions travel faster

than the sound speed of the media, which leads to shocks. The presence of compressible

modes alter the spectrum since the energy transfer can occur directly between large and

small scales instead of decaying through the interaction of the eddies. A better description

of this scenario is given by the Burgers turbulence (Burgers (1974); Menon and Pego

(2007)) with the energy spectrum following:

E(k) ∝ k−2 (1.11)

Another ingredient we are going to take into account is the presence of magnetic fields

that can also alter the cascade of energy. The different MHD turbulence regimes will be

discussed in the next section.

1.2.2 MHD turbulence

There are excellent reviews on MHD turbulence in Elmegreen and Scalo (2004); Scalo

and Elmegreen (2004); Lazarian et al. (2012); Falceta-Gonçalves et al. (2014). Here, we
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will present just a brief description.

In the case of a MHD environment the cascading of energy is influenced by the strength

of the magnetic field (B). The importance of B will be characterized by the Alfvén velocity:

vA =
B√
4πρ

(1.12)

When the non-linear interaction of the perturbations is strong enough, Alfvénic turbu-

lence can also be described by vortices (Lazarian et al. (2012)). The presence of a strong

field however, can elongate the vortex and the cascade of energy becomes different in the

directions parallel and perpendicular to the field.

Following Goldreich and Sridhar (1995), the strength of the perturbations can be cha-

racterized by a non-linearity parameter:

ζλ⊥ ∼
k⊥vλ
k‖vA

(1.13)

where k−1‖ ∼ λ‖ and k−1⊥ ∼ λ⊥, with λ‖ and λ⊥ being the size of the perturbation (the eddy)

in the parallel and perpendicular directions to the magnetic field, respectively. In the case

of critical balance, ζλ⊥ ∼ 1, which means that the period of an Alfvén wave (∼ λ‖/vA) is

similar to the turnover time of the eddy (λ⊥/vλ).

The cascade of energy can now proceed until a scale λη is reached. This is the resistive

dissipation scale and is associated to the magnetic Reynolds number Rmλ = λvλ/η, where

η is the magnetic resistivity (e.g. de Gouveia Dal Pino (1995)). The dissipative scale is

now defined by whatever is greater, either λν or λη.

The cascading of energy occurs mostly in the perpendicular direction, with the iner-

tial range in this direction being similar to Kolmogorov’s spectrum (eq. 1.4). With the

assumption of critical balance, this yields:

λ‖ ∼
vA
ε1/3

λ
2/3
⊥ (1.14)

which indicates that the eddies become more and more elongated as we progress through

the cascade.

At this point we are going to define the Alfvénic Mach number as:
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MA =
v

vA
(1.15)

Goldreich and Sridhar (1995) considers MA ∼ 1.0 and so the turbulence injection is

trans-Alfvénic.

If MA > 1.0 at the injection scale L, magnetic fields are not dynamically important

and the system behaves similarly to the hydrodynamical case as discussed in the previous

section. However, as the cascade proceeds to smaller scales, the magnetic field eventually

becomes important at a scale λA, that can be estimated as (Lazarian et al. (2012)):

λA ∼ L(vA/vL)3 = LM−3
A (1.16)

In the case of weak MHD turbulence, MA < 1.0 at the injection scale, the cascade

occurs through the interaction of wave packets traveling parallel to the magnetic field,

and higher number of interactions is needed for the cascading to occur. In this scenario,

turbulence can become strong at a scale:

λstrong ∼ L(vL/vA)2 = LM2
A (1.17)

For isotropic weak turbulence, the scaling follows the Iroshnikov and Kraichnan spec-

trum, in this case, E(k) ∝ k−3/2.

In the case of the ISM, Goldreich and Sridhar (1997) proposed that weak turbulence

is irrelevant. For the strong cascade, E⊥(k) ∝ k
−5/3
⊥ , while the anisotropy of the eddies

follows the relation k‖ ∝ k
2/3
⊥ (1.14).

1.3 The aim of this work

As stressed before, the aim of this work is to try to improve our understanding of how

IS clouds and star forming regions are produced and how this is influenced by turbulence,

magnetic fields, and self-gravity. For this purpose, we have performed 3D MHD simulati-

ons of these systems considering models with and without self-gravity, forced supersonic

turbulence, with Ms ∼ 2.0, 4.0 and 7.0 (eq. 1.10). We also consider two different initial
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conditions with regard to the strength magnetic field, i.e. models with sub-Alfvénic (initial

Ma ∼ 0.7) and super-Alfvénic (initial Ma ∼ 2.0) Mach numbers (eq. 1.15).

The chapters of this dissertation are organized as follows: in Chapter 2, we describe

the numerical methodology we employ in this dissertation, including a description of the

MHD code, as well as the statistical methods we employ in the analysis of the simulated

models; in Chapter 3, we describe the results of our numerical simulations. In Chapter 4,

we present a brief comparison of our results with observations; and finally in Chapter 5,

we compare our results with former numerical studies, draw our conclusions, and present

the prospects for continuing this work.
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Methodology

In order to study the evolution of molecular cloud environments and the initial stages

of star formation, and explore how these are affected by turbulence, magnetic fields and

self-gravity, we consider three-dimensional MHD simulations of two families of models.

First, considering only the presence of MHD turbulence, with no self-gravity, we take

the numerical simulations of isothermal molecular clouds performed by Cho and Lazarian

(2003) and Burkhart et al. (2009). In a second part, we consider isothermal models with

self-gravity, based on MHD simulations performed by ourselves using a modified version of

the code developed by Kowal et al. (2007)(see also Leão et al. (2009); Santos-Lima et al.

(2010)). Both sets of simulations have the same initial conditions, as it will be described

below.

The second set of simulations were only possible thanks to professor Blakesley Burkhart

and the Center for Computational Astrophysics in New York, that allowed us to use their

infrastructure to perform the simulations.

To study how the initial stages of star formation behaviour, the ideal MHD equations

will be numerically solved in their conservative form:

∂ρ

∂t
+ ∇ · (ρv) = 0 (2.1)

∂

∂t
(ρv) + ∇ · [ρvv + (P +

B2

8π
)I − BB

4π
] = ρg + F (2.2)

∂B

∂t
+ ∇ · (vB −Bv) = 0 , ∇ ·B = 0 (2.3)

where ρ, v and B are density, velocity and magnetic field, respectively, P is the thermal

pressure of the gas, g is gravity, E is the total energy, I is the identity dyadic tensor and F

is the source term for the turbulence driving. Tests performed by our group considering the
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radiative cooling of an optically thin gas, revealed that the turbulent system quickly evolves

to an isothermal state reaching the minimum temperature allowed in the simulation. For

this reason, we are considering a cold cloud with a temperature of 10K, which is of the

order of the estimated temperature from cold dust emission inside cold dark clouds (see

Chapter 1).

With this isothermal assumption, we do not have to integrate the energy conservation

above in our simulations. An ideal isothermal equation of state will be considered to

close our system of equations, so that the pressure can be written as P = ρc2s, where

cs =
√
kbT/m is the isothermal sound speed of the gas, where m̄ is the average mass of

the gas, and in this work it will be given by m̄ = µmH , with µ = 2.3.

In eq. 2.2, ρg = −ρ∇Ψ is the gravitational force of the gas due to self-gravity, which

is considered in the second family of models of our study, and obeys the Poisson equation:

∇2Ψ = 4πGρ (2.4)

Finally, the source term F is responsible for the turbulence injection. Turbulence is

driven solenoidally. The forcing is introduced in the Fourier space around a characteristic

wavelength that defines the injection scale (linj = 1/4L, where L is the size of the domain).

The turbulence is then allowed to cascade down to the (numerical) dissipation scale while

being continuously injected in the system. This process continues for around one dynamical

time, L/cs. Once the turbulence has cascaded down, only then self-gravity is turned on,

in the models where it is considered. No condition to stop the simulation was imposed

and no feedback from star formation was considered, which means that later snapshots,

after gravity takes hold of the system, can be discarded (this will be further discussed in

Section 3.1).

The first set of models, which neglects self-gravity, has ψ = 0 in the equations above.

These simulations were built using a second order accurate hybrid essentially non - oscil-

latory (ENO) scheme to solve the MHD equations (Cho and Lazarian (2003); Burkhart

et al. (2009)), while the set of models with self-gravity employed a total variation dimi-

nishing (TVD) method (Kowal et al. (2009); Leão et al. (2009); Santos-Lima et al. (2010)).

Both codes are based on the Godunov method (Appendix A.1) and use a Runge-Kutta

procedure (e.g. Londrillo and Del Zanna (2000); Del Zanna, L. et al. (2003)) for time
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integration. To solve the Poisson equation, a multigrid method was used (see more details

about the numerical method in Appendix A.2).

2.1 Turbulence vs Gravity - Triggering star formation

To start, let us remember that the simplest (and ultimate) condition for a cloud or

clump to collapse under the action of gravity is given by the Jeans criterion (Jeans and

Darwin (1902)):

RJ =

(
3

4πG

)1/2
cs

ρ−1/2
(2.5)

And in the presence of a strong magnetic support against gravity, this changes to:

RJ =

(
3

4πG

)1/2

ρ−1/2
(
c2s +

vA
2

)2
(2.6)

But, as discussed before, GMCs are very turbulent regions. Supersonic turbulence in

these systems can create over-dense regions that may achieve the condition for collapse at

the same time that it may destroy these structures. The density in turbulent regions can

generally be well represented by a lognormal distribution. If we define s ≡ ln(ρ/ρ0), the

density distribution should follow (e.g. Burkhart (2018)):

p(s) =
1√

2πσ2
s

exp

(
− (s− s0)2

2σ2
s

)
(2.7)

where σs is the standard deviation of the lognormal, s0 gives the value of s for the mean

density. The characteristics of the turbulence are related to these values according to the

following relations:

s0 = −1

2
σ2
s (2.8)

σ2
s = ln[1 + b2M2

s ] (2.9)

where b is a dimensionless turbulent forcing parameter (Federrath et al. (2008)) related to

the solenoidal 1 and compressive modes of the turbulence. For purely solenoidal turbulence

1 For solenoidal turbulence driving, ∇ ·v = 0. For compressive turbulence driving, ∇×v = 0 (Federrath

et al. (2008)).
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driving, we have b = 1/3 while for purely compressive driving, b = 1.0. Ms is the sonic

Mach number (eq. 1.10).

The presence of self-gravity, however, introduces a second trend at higher densities.

The collapse of dense structures leads to a power-law like distribution. For s > st, where

st is transitional value between the lognormal distribution and the power-law tail, we can

consider(e.g. Burkhart (2018)):

pPL(s) ∝ exp(−αs) for s > st (2.10)

st =
1

2
(2|α| − 1)σ2

s (2.11)

where α is the power-law index.

The collapse of structures is not immediate and therefore, the power-law changes along

time as collapsed material accumulates at the smaller scales of the cloud. However, as

previously discussed, many filaments inside MCs are not bound by gravity and the charac-

teristics of the turbulence that is being driven in the cloud can change the evolution and

efficiency in which stars are formed (Federrath and Klessen (2012)).

It is important to highlight that the lognormal probability density function (PDF, eq.

2.7) is also important for a number of analytic models of star formation. The action of

turbulence inside MCs is surely an important factor in setting the core mass function

(CMF) and the stellar initial mass function (IMF). A similarity between the two may be

an indication that the same process that fragments gas at smaller scales is responsible for

setting the formation of stars. However, different observational tracers have been used for

different scales, and the power-law distribution for the CMF, dN/dM ∼M−α, has different

indices for different frequency bands (being ∼ 1.4− 1.8 for CO observations, which traces

larger structures, and ∼ 2.0 − 2.5 for millimeter/sub-millimeter dust continuum, which

traces regions around dense cores). From this, it is hard to conclude what are the different

levels of structure in a cloud (see Bergin and Tafalla (2007) and references therein for

further discussion).

At this point, we know that turbulent gas generally follows a lognormal distribution,

that MHD turbulence may introduce anisotropy, specially at small scales, and that mag-

netic fields can most likely help in setting the initial distribution of filaments. Also, we

know that once collapse starts a power-law like distribution for higher densities is seen.
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This brings the question, how much of the gas can actually contribute to form stars? How

much of the distribution is actually gravitationally bound?

To evaluate this, past studies have assumed that above a certain critical value of density,

all material would contribute to form stars. This critical value however, can depend on

several parameters, such as the mean density of the clouds, the sonic Mach number, the

strength of the magnetic field, and so on. Since we want to study in this work the influence

of gravity over the filamentary structure inside molecular clouds, the discussion below will

be important to set the initial conditions of our models and to help differentiate the regions

where turbulence dominates and where gravity dominates.

We will consider that above a density ρc all matter contributes to star formation. The

critical density depends on the assumptions taken hence, we shall discuss some of the

proposed models in the literature.

We will begin with Krumholz and McKee (2005). To evaluate the relative importance of

turbulence compared to gravity, we will define the virial parameter, αvir, following Bertoldi

and McKee (1992):

αvir ∼
2Ek
Eg

=
5v20c

2
sR

GM
(2.12)

where Ek and Eg are the kinetic and gravitational energies of the system, respectively, v0

is the one-dimensional rms velocity and M is the mass evaluated over a sphere of radius

R.

Krumholz and McKee (2005) calculated the critical density for star formation based on

the idea of pressure support. In their model, the critical density is calculated comparing

the sonic scale (λs), which is the scale where the turbulent velocity differences are of the

order of the speed of sound, with the Jeans’ length (eq. 2.5). They define the critical

density for collapse as being the same as a critical Bonnor-Ebert sphere of size λs. For this

model:

ρc
ρ0

=
π2φ2

x

15
αvirM2/m−2

s (2.13)

where φx was calibrated from smoothed-particle-hydrodynamical (SPH) simulations and

is of order unity, and m comes from the velocity-size relation, v ∝ lm. Krumholz and
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McKee (2005) assume m = 0.5, however, as Padoan and Nordlund (2011) briefly discuss,

this value may be different for supersonic turbulence.

The next model to be discussed considers that turbulence triggers collapse through its

dynamical pressure. Also, Padoan and Nordlund (2011) takes into account the contribution

of the magnetic field for the determination of the critical density for star formation. The

critical density in this case is defined as:

ρc
ρ0

= 0.067 ζ−2αvirM2
s

(1 + 0.925 β−3/2)2/3

(1 + β−1)2/3
(2.14)

where ζ ≤ 1 and ζL0 is the turbulence integral scale (L0 being the size of the system),

and β is the ratio between thermal pressure and magnetic pressure. Note that in the limit

β →∞, i.e. the hydrodynamical case, the dependence of ρc with the Mach number is the

same as in equation 2.13 for m = 0.5. The numerical difference comes from the physical

derivation of ρc.

2.2 Quantifying the relative orientation between structures and the

magnetic field

One of the aims of this work is to quantify the relative orientation between the IS

structures and the embedded magnetic fields, since this is something that we may compare

directly with observations and, in doing so, we may infer about general properties of the

observed structures.

In this section we describe how to quantify the angular distribution between density

gradient and magnetic field vectors within the simulated molecular clouds.

This method is described in detail in Soler et al. (2013). The idea is to build histograms

of relative orientation between the quantities above (HRO). Given a density structure,

gradients of density will be obviously perpendicular to the iso-density contours. In this

sense, density structures, like filaments, will be aligned in the direction normal to these

gradients. Comparing the density gradient with the magnetic field orientation, it is possible

to evaluate how the filamentary structures are aligned with the background magnetic fields

and thus to extract information about the formation of these structures (see below). One

can obtain this relative orientation through:
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φ = arctan
(B×∇ρ
B · ∇ρ

)
(2.15)

With φ as defined above, we can evaluate the histogram of cosφ within different density

bins (or intervals). A peak in this histogram around cosφ = 0 means that most of the field is

perpendicular to the density gradient, in other words, the field is aligned to the structures.

Similarly, cosφ = ±1 means the density gradient is parallel to the field, hence the field is

perpendicular to the structures. A possible interpretation for a field line predominantly

perpendicular to the density gradient (i.e., aligned to the filaments), in turn, may be an

indication of compression of the field lines along the structure by thermal pressure gradients

(which are aligned with density, gradients in general, and specially in the present work,

where temperature is constant and therefore, ∇p ∝ ∇ρ). On the other hand, a field line

predominantly parallel to the density gradient (or perpendicular to the filament), may be

an indication of the prevalence of magnetic forces (which are always normal to B) and/or

gravitational forces (if present) which cause the collapse of plasma predominantly along the

lines, since in the normal direction to the lines, magnetic pressure gradients and tension

difficult the plasma motion.

This method can also be applied to the column density (
∫
ρ dl, where dl is an element

along the line of sight, LOS) gradients, much in the same way, the only difference is the

fact that the histogram is generally evaluated for φ+90◦. In three dimensions, two random

vectors have a higher probability of being perpendicular to each other rather than being

parallel, that is why we choose to use cosφ in 3D. This is not the case in two dimensions

and we can use simply the information from φ. This is also what is used in observations.

The angles are calculated between the gradient of column density vector and the esti-

mated B⊥, the later one being the projected magnetic field in the plane of the sky, which is

obtained from the Stokes parameters, i.e., a set of values that characterize the polarization

of electromagnetic waves (see below).

In order to compute these parameters for polarized radiation from the simulations,

we will use the same assumptions as Falceta-Gonçalves et al. (2008). In other words, we

assume that only thermal emission is emitted by grains that are perfectly aligned with the

magnetic field. The dust abundance (which is not explicitly considered in our simulations)

is considered to be proportional to the gas density, as well as the intensity of its emission.

Finally, we consider that all grains emit at a single temperature, as in our domain. With
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these assumptions, for each cell of the computational domain we calculate:

qijk = ρijk cos 2ψijk sin2 iijk

uijk = ρijk sin 2ψijk sin2 iijk

(2.16)

where the sub-indices i, j and k refer to the cartesian cordinates x,y and z, ρ is the local

density, ψ is the local angle of alignment, determined by the projection of the local magnetic

field into the plane of the sky, and i is the angle between the magnetic field and the line

of sight (LOS). Integrating q, u and ρ along a chosen line of sight results on the Stokes

parameters Q, U :

Q = Σk
0qijk δx

U = Σk
0uijk δx

(2.17)

and the column density:

NH = Σk
0ρijk δx (2.18)

where δx is the size of the cell, given the resolution of the simulation. This way, the

intensity of E and its direction will be calculated as:

E =
√
Q2 + U2

ΦB = 1/2 arctan(U/Q)
(2.19)

Now, we can use equation 2.15, where ∇ρ can also be replaced by ∇NH and B by

Bpos if we use column density and polarization maps, respectively, to build a histogram to

evaluate the angular distribution.

To analyze the behaviour of filaments inside molecular clouds means that we need to

evaluate a wide range of density values that spans across 2 to 3 orders of magnitude.

To check how the alignment between density structures and the magnetic field occurs

at different scales, we are going to split the system into several bins. To guarantee a

comparable statistics for each density bin, the density range will be divided into bins

with the same numbers of cells and then the HRO will be calculated for each bin. The

information of the angles can then be applied into a more sophisticated method of analysis.
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2.2.1 Projected Rayleigh statistics (PRS)

To study the column density behaviour, a more sophisticated method can be used,

namely, the projected Rayleigh Statistics, which later on will also be employed to compare

the results of the numerical simulations with observations of several molecular clouds.

Below, it follows a summarized description of this method from Jow et al. (2018).

The PRS is based on the Rayleigh test (e.g. Mardia and Jupp (1999)), which can be

used to check if a set of angles is uniform. Given a set θi of n angles, with θi ε [0, 2π], the

Rayleigh test is calculated as

Z =
(Σn

i cos θi)
2 + (Σn

i sin θi)
2

n
(2.20)

However, our distribution in not uniform and the angle distribution is initially between

[−π/2, π/2]. To apply the Rayleigh test, first the angles need to be multiplied by two,

mapping our axial angle distribution to a circular distribution. Since the purpose of using

this tool is to analyze if there is a preferential alignment that is parallel (θ = 0) or

perpendicular (θ = π), it is possible to see how the data compare to a specified mean

direction. In this case, taking the mean direction as θ = 0, we calculate the Projected

Rayleigh Statistics as

Zx =
Σn
i cos θi√
n/2

(2.21)

where positive values of Zx are indicative of strong parallel alignment between two vectors

while negative values indicate a strong perpendicular alignment between two vectors.

Jow et al. (2018) argue that, in the limit of n→∞, the PRS approximates the standard

normal distribution. Therefore, for a general distribution of angles the variance of Zx can

be estimated as

σ2
Zx

=
2 Σn

i (cos θi)
2 − (Zx)

2

n
(2.22)

The error of each measurement of ZX will be given by the equation above. Later on,

this tool will be also used to compare our simulations to observational data taken from

molecular clouds with Herschel telescope and Planck satellite.

We are going to make a differentiation between the PRS applied to the density distri-

bution of our 3D simulated cube and the PRS applied to the integrated simulated column
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density maps along a given line of sight. When analyzing a 3D distribution, we will calcu-

late the PRS values for the angles between the gradient of density (∇ρ) and the magnetic

field (B). In this case, eq. 2.21 will be referred as ZB. For the integrated density maps

along a given line of sight (column density) however, what is being evaluated is the an-

gle between the polarization pseudo-vector (E) (instead of the projected plane of the sky

magnetic field, B⊥) and the gradient of column density (∇NH)(see Figure 2.1), in this

case eq. 2.21 will be referred as ZE.

Figure 2.1: Scheme of the vectors that are considered to calculate the angle φ between the density

gradient of NH and the polarization pseudo-vector (E) for column density maps. (Adapted from Planck

Collaboration et al. (2016))

It is important to make clear what positive and negative values of ZE and ZB mean. For

the integrated column density maps, ZE estimates the average angle between the gradient

of column density, ∇NH , and the direction of the polarization pseudo-vector, E. Given

an iso-contour of column density, since ∇NH is perpendicular to it and E is perpendicular

to the projected magnetic field in the plane of the sky, B⊥, the same angle φ will be also

between B⊥ and the direction of the density structure (iso-contour). Fig. 2.1 was adapted

from Planck Collaboration et al. (2016) and shows what is described above. With this, ZE

measures if E is parallel (ZE > 0) or perpendicular (ZE < 0) to the gradient of column

density, ∇NH .

When it comes to ZB, we are comparing directly the magnetic field direction (B) with
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the density gradient (∇ρ), so positive values of ZB indicate parallel alignment between

the two vectors while negative values indicate that the two vectors are perpendicular.

2.3 Boundary and initial conditions

To simulate the clouds, we consider a cubic Cartesian domain with periodic boundaries,

which perfectly mimic a slice of these systems in the ISM. Both codes run in code units.

For the first family of models, the unity of length is the size of the injection scale (Linj).

The rms velocity (δV ) is kept close to unit so that the velocity can be seen as in units

of δV , and B/(4πρ)1/2 is the Alfvén velocity in the same units. The unit of time is the

turnover time of the largest eddy, Linj/δV . The injection of turbulence is made in a scale

about 1/4 of the size of domain (Linj = L/4). Also, for density unit we take the initial

ambient density ρ0. The remaining quantity units are all derived from these ones.

In the second set, we take for unity of length the size of the domain (L), and for

velocity unit we take the isothermal sound speed (cs), which implies time unit L/cs. The

magnetic field is scaled such that Bc.u. = B/(4π)1/2. Also, for density unit we take the

initial ambient density ρ0. The remaining quantity units are all derived from these ones.

Initially, the simulation starts with a homogeneous distribution of density (ρ0) and

uniform magnetic field distribution along the z direction, with an isothermal equation of

state inside a 10pc× 10pc× 10pc domain.

The simulations were performed using resolutions of 643, 2563 and 5123 cells in the three

directions of a uniform grid. Our lower resolution simulations were mainly used for testing

and calibration of the initial conditions of the models that consider self-gravity. With that

said, previous works have used similar resolutions of 2563 to 5123 for studying molecular

clouds with good statistical convergence of the results already in 2563 resolution, at least

for non self-gravitating turbulent models (e.g. Kowal and Lazarian (2007); Burkhart et al.

(2009); Santos-Lima et al. (2010)). Figure 2.2 shows a comparison of column density maps

integrated along a line of sight (LOS) parallel to the initial magnetic field for two models

with the same initial conditions (initial sonic Mach number Ms = 7, and Alfvénic Mach

number MA = 0.6), and 2563 and 5123 resolutions, for two different times (see Table 2.1

for initial conditions, and Chapter 3 for more details). Figure 2.3 shows the 3D power

spectrum time evolution for the same models. On the left side it is presented the model
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Figure 2.2: Comparison of column density distribution for two models with same initial conditions and

different resolution. On the left side, 2563 cells were used. On the right side 5123 cells were used. Note

that the higher resolution allows for a higher fragmentation of the structures, but the results are still

similar. The dashed lines represent the direction of the projected magnetic field onto the plane of the sky

(see more details on the text).

Figure 2.3: Comparison of the power spectrum for the same models of Figure 2.2. On the left side, 2563

cells were used. On the right side, 5123 cells were used. The red dashed line represents the Kolmogorov

power-law (k−11/3, in the 3D case) for reference.
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with resolution 2563, and on the right side the model with resolution 5123. Note that

the column density maps show similar behaviour. The power spectrum of both models is

initially compatible with the Kolmogorov cascade, and show a flattening at later times.

Obviously, the higher resolution model shows more details at smaller scales (bigger values

of k, Figure 2.3), but the statistical behaviour is very similar for both resolutions, as long

as turbulent motions are dominating. Since gravitational forces affect primarily smaller

scales, in order to study its effects, we will consider here the higher resolution models when

self-gravity is present.

Also, since part of the objective of this work is to study the influence of self-gravity on

the formation of the clouds and their collapsing sub-structures, the initial setup is built to

ensure the minimum condition for collapse, such that αvir ∼ 0.5 (eq. 2.12).

Our simulations are characterized by three parameters, the sonic Mach numberMs, the

Alfvénic Mach numberMA and the ambient density ρ0, which depends on αvir (eq. 2.12).

These parameters are described in table (2.1). The table also gives corresponding thermal

to magnetic pressure (β0) for each model, the initial free-fall time (eq. 1.1) calculated for

the initial ρ0, for the simulations that consider self-gravity. This will be used as a time

scale to compare the evolution of different self-gravitating models.

Models without self-gravity are identified by the suffix turb and models that consider

self-gravity are identified by the suffix grav. It is important to remark that there is a

small difference in the parameters considered for the purely turbulent models and the

ones that consider self-gravity. Some of the models without self-gravity have MA ∼

0.7 , while corresponding models with self-gravity have MA ∼ 0.6. Also, some models

without self-gravity have Ms ∼ 2.0, while the corresponding models with self-gravity,

have Ms ∼ 1.8. However, the differences are so small that the comparison between them

is not compromised.

We consider an initial temperature T=10K for all simulations, which is characteristic

of molecular clouds, as described in Chapter 1.

In the following Chapter, we present the results of our simulations and comparison

between the models with and without self-gravity.
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Table 2.1 - Initial conditions for all simulated models, with and without self-gravity

Simulation Ms MA n(cm−3) β0 = Pth

Pmag
tff (Myears) Resolution Turbulence Gravity

Ms2.0 Ma0.7 turb 2.0 0.7 117,65 0.302 ——– 256 yes no

Ms4.0 Ma0.7 turb 4.0 0.7 444,81 0.080 ——– 256 yes no

Ms7.0 Ma0.7 turb 7.0 0.7 1779,25 0.020 ——– 256 yes no

Ms2.0 Ma2.0 turb 2.0 2.0 117,65 2.469 ——– 256 yes no

Ms4.0 Ma2.0 turb 4.0 2.0 444,81 0.653 ——– 256 yes no

Ms7.0 Ma2.0 turb 7.0 2.0 1779,25 0.163 ——– 256 yes no

Ms1.8 Ma0.6 256 1.8 0.6 117,65 0.302 7.23 256 yes yes

Ms7.0 Ma0.6 256 7.0 0.6 1779,25 0.020 1.86 256 yes yes

Ms1.8 Ma2.0 64 1.8 2.0 117,65 2.469 7.23 64 yes yes

Ms4.0 Ma2.0 64 4.0 2.0 444,81 0.653 3.72 64 yes yes

Ms7.0 Ma2.0 64 7.0 2.0 1779,25 0.163 1.86 64 yes yes

Ms1.8 Ma0.6 grav 1.8 0.6 117,65 0.302 7.23 512 yes yes

Ms4.0 Ma0.6 grav 4.0 0.6 444,81 0.080 3.72 512 yes yes

Ms7.0 Ma0.6 grav 7.0 0.6 1779,25 0.020 1.86 512 yes yes

Ms1.8 Ma2.0 grav 1.8 2.0 117,65 2.469 7.23 512 yes yes

Ms4.0 Ma2.0 grav 4.0 2.0 444,81 0.653 3.72 512 yes yes

Ms7.0 Ma2.0 grav 7.0 2.0 1779,25 0.163 1.86 512 yes yes



Chapter 3

Results of the numerical simulations

In this chapter we discuss the results from the 3D numerical simulations performed for

this study of turbulent molecular clouds. The parameters of the models are presented in

table 2.1. We start by presenting an overview of the general characteristics of the models

and then we will separate our discussion between the models without and with self-gravity.

3.1 General characteristics of the simulated models

In this section we are going to present two of the models, one sub-Alfvénic and one

super-Alfvénic, both with supersonic Mach number Ms = 7, to describe the general evo-

lution of systems that may represent a turbulent molecular cloud environment. These

models have a 5123 resolution.

In Figure 3.1 we show the initial (left column) and final states (right column) of the

integrated column density maps of the self-gravitating sub-Alfvénic model withMA = 0.6,

along three different LOS. Figure 3.2 depicts the same for the super-Alfvénic model with

MA = 2. The direction of the projected magnetic field in the plane of the sky (B⊥, which

is the direction normal to the chosen LOS in each diagram) is also shown and has been

produced using a linear integral convolution method (LIC, Cabral and Leedom (1993)).

The integrated maps are considered taking the directions perpendicular, at 45◦ (which will

be referred as the XZ line of sight), and parallel to the initial magnetic field (first, second

and third lines of the figures), respectively.

In these models, t = 0.0tff (eq. 1.1) corresponds to the time when the turbulence

has completely evolved throughout the domain and reached a nearly steady state regime,

before we turn-on self-gravity. Therefore, we can use these models at this stage (which
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Figure 3.1: Column density maps of the initial (t = 0.0tff ) and final (t = 0.3tff ) states of model

Ms7.0 Ma0.6 grav with Ms = 7 and MA = 0.6 along three different LOS. From top to bottom the LOS

is perpendicular, makes an angle of 45◦, and is parallel to the initial magnetic field, respectively. The

magnetic field is represented by the line pattern using a LIC method. t = 0.0tff (on the left) corresponds

to the time when turbulence has fully developed in the system and is in nearly steady state, right before

gravity is turned-on in the system. Thus, the left diagrams correspond to the system without gravity,

while the right-diagrams represent the system with self-gravity at an evolved time.
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Figure 3.2: The same as in Figure 3.1, but for the super-Alfvénic model with MA = 2.
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Figure 3.3: Comparison of the 3D PDF of density between turbulent models with no self-gravity (solid

lines) and the initial state of the corresponding model with self-gravity (dashed line). The sub-Alfvénic

models are presented on the left and the super-Alfvénic ones are presented on the right side.

are shown in the left columns of Figures 3.1 and 3.2), as representative of models without

self-gravity. In fact, Figure 3.3 shows the probability distribution function (PDF) for the

density (eq. 2.7) of evolved supersonic sub-Alfvénic, and super-Alfvénic models with same

initial conditions as those of Figures 3.1 and 3.2, but without gravity. These PDFs are

compared to their counterparts of the models of Figure 3.1 and 3.2 at t = 0.0tff (before

self-gravity is set in). We see that they are completely equivalent, therefore justifying our

statement above.

Figure 3.4 depicts three-dimensional views of the models of Figures 3.1 and 3.2 before

(left) and after (right) self-gravity is turned on. On the top of figure 3.4, it is shown

the supersonic, sub-Alfvénic model Ms7.0 Ma0.6 grav and in the bottom the supersonic

super-Alfvénic model Ms7.0 Ma2.0 grav. Once gravity is considered (right-diagrams), frag-

mentation and filamentary structure formation is enhanced and the collapse of the densest

regions (clumps) of these filaments leads to star formation.

A closer inspection of the models of Figure 3.4 shows that the distribution of the lines is

determined mainly by turbulence, and this effect is more pronounced in the case of super-

Alfvénic turbulence. What determines if the lines become almost parallel or perpendicular

to a given structure, or if they are twisted inside the domain is whether the turbulence is

sub-Alfvénic or super-Alfvénic. The twisting of the lines is stronger in the super-Alfvénic
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Figure 3.4: Comparison of the 3D distribution of density and magnetic fields for the initial (t =

0.0tff )(without self-gravity) and final (t = 0.3tff ) states (with gravity) for models Ms7.0 Ma0.6 grav

(top) and Ms7.0 Ma2.0 grav (bottom). See text for details.
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case due to the larger turbulent motions relative to magnetic field strength. This also

affects filaments, which appear more chaotically distributed with respect to the magnetic

field lines when magnetic field is weaker. In the case of the sub-Alfvénic model, we see

that the lines are less distorted by turbulence and later on, when self-gravity becomes

dominant, most of the filaments seem to be nearly normal to the magnetic field lines (right

top diagram), as the collapse is easier along the lines (since in the perpendicular direction

magnetic pressure gradients try to prevent it).

Back to Figures 3.1 and 3.2, as they present the integrated density distribution along

given LOS, they are more suitable to compare directly with observations (as we will see in

Chapter 4). In particular, the top diagrams of these figures (which show the column density

integrated in a LOS perpendicular to the initial 3D magnetic field, B), reflect directly the

integration of the multiple layers we see in the 3D diagrams of density distribution of

Figure 3.4, while the bottom diagrams (of Figures 3.1 and 3.2) show this integration in

the normal direction to the initial B.

The comparison between Figures 3.1 and 3.2 also shows that both depict dense filaments

separated by diffuse interstellar gas, but these structures when seen integrated along a LOS

are clearly larger in the super-Alfvénic models (this can be also realized in Figure 3.4 in

the earlier phase, when only turbulence is present, bottom left panel). This effect is more

pronounced in the LOS perpendicular to the initial B. Supersonic turbulence leads to

shocks and compression of the fluid and of the magnetic field lines, particularly in the

early phase, before self-gravity sets in. In the case of the super-Alfvénic models, these

effects are more efficient in the building-up of larger structures because the magnetic field

strength is smaller than in the sub-Alfvénic models. In the latter, the larger magnetic

field strength results stronger magnetic pressure gradients, that offer larger resistance to

the accumulation of the structures by shock compression. When self-gravity becomes

important (right panels), fragmentation and collapse will eventually dominate over the

support provided by magnetic fields and turbulence in both cases, but the general imprints

left earlier in the formation of the large scale filaments by turbulence and magnetic fields

(left panels) remain.

In the sub-Alfvénic models (Figure 3.1) there is a clear difference between different

LOS, with B⊥ being almost completely parallel to the Z axis for the first LOS, and with

no preferential direction for the last one. In the super-Alfvénic models of Figure 3.2, on
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other hand, B⊥ does not have a clear difference for different LOS. This is equally due to

the effects described above, i.e., to the fact that the magnetic forces offer less resistance to

the turbulent motions and collapsing of the structures in the super-Alfvénic case.

While turbulence is important to create structures that will become gravitationally

unstable regions, it can also act against star formation, destroying cores that could later

form stars.1 The magnetic field has then a role of shielding matter against turbulence

and allowing it to accumulate for a longer time forming numerous dense structures, as we

see in the sub-Alfvénic model when gravity is present (right side top diagram). For the

super-Alfvénic model the weaker magnetic field is less effective to keep the coherence of

the structures during collapse and the filaments are more easily fragmented by turbulence,

leading to smaller and more numerous clumps. Though not so obvious in Figures 3.1, 3.2,

and 3.4, this effect will be highlighted in the next sections. This has been particularly

realized in previous works (e.g. Myers et al. (2014); Ntormousi and Hennebelle (2019)).

Figure 3.5: Time evolution of the density PDF for models Ms7.0 Ma0.6 grav (left) and Ms7.0 Ma2.0 grav

(right). The green vertical dashed line indicates the critical density for star formation (eq. 2.14). The

magenta vertical dashed line represents the transition density as defined in eq. 2.11. The black dashed

line and the red dashed-dotted line are the fitted lognormal and power-law to t = 0.3tff , respectively.

Figure 3.5 compares the evolution of the PDF of the density (eq. 2.7) for the two

models analysed in the previous figures. The sub-Alfvénic model is presented in the left

1 The turbulence drive is continuous and random. This can lead to turbulence being driven in cells that

could result in collapsed cores, therefore destroying or at least reducing the final mass of these cores.
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and the super-Alfvénic one, in the right panel. The blue dark curve represents t = 0.0tff .

Initially, the super-Alfvénic model shows a wider spread of density values when compared

to the sub-Alfvénic model.

The sub-Alfvénic model shows earlier a small tail that deviates from the lognormal

distribution, which is not present in the super-Alfvénic case. Since at this stage, gravity

is not acting in the system, this deviation from the lognormal is most likely caused by the

presence of a strong magnetic field. At later times, the power-law reflects of the action of

gravity, as discussed in Chapter 1.

Since our version of the code does not support any treatment of adaptive mesh refi-

nement or sink particles, we consider that our results are valid until the power-law index

reaches a value α ∼ 1.5. This has been chosen in accordance to previous studies that

indicate power-law tails from observed clouds with an index up to this value (see table 1

from Burkhart (2018) and references therein). In fact, the evolution of the cloud should

result in a power-law with an index that converges to −1. However, effects due to the

lifetime of the MC or to the LOS may yield higher values for the observed power-law index

(Girichidis et al. (2014); Guszejnov et al. (2018)).

The black dotted line is the fitted lognormal PDF (P, eq. 2.7) for t = 0.3tff and the

red dashed-dotted line is the power-law fitted for the same time. The fitted index, and the

region where the fit was considered, are indicated in the plot. The magenta vertical dashed

line is the estimated st (eq. 2.11) for the fitted power-law index and the green vertical

dashed line is the critical density for the magnetized case, equation 2.14. We note that

both coincide in the case of the super-Alfvénic model. As the material collapses and the

power-law becomes shallower, st (eq. 2.11) should also go to smaller densities, eventually

approaching ρc (Burkhart (2018)).

Although this may not be a very strict condition, we want to investigate the influence

of gravity over filaments and magnetic field distribution in the early stages of star forma-

tion. This condition coupled with the information from the power spectrum, that will be

discussed below, will allow us to identify how much the system is being affected by gravity

and to estimate how long the dense regions are taking to collapse.

Figure B.3 shows the 3D power spectrum of density evolution in time for the same two

models. The dotted red line is a reference to the expected power-law from a Kolmogorov

cascade (P (k)dk3 ∝ k−11/3, see section 1.2.1). Initially, in both simulations it is possible to
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Figure 3.6: 3D power spectrum of density for models with Ms = 7.0 that do consider self-gravity. On

the left we have MA = 0.6 and on the right we have MA = 2.0. The red dashed line represents the

Kolmogorov power-law (k−11/3) for reference.

identify a inertial region in the spectrum that roughly follows the same Kolmogorov slope.

As time goes by, as it is seen from the PDFs of Figure 3.5, gravity becomes important at

denser regions, which are also the smallest scales in the system. As matter accumulates

around these overdense regions, the power spectrum at higher wavenumbers (k) (or smaller

length scales) starts to flatten.

This flattening can also be seen in Figure 3.7, where the one-dimensional power spec-

trum of the column density maps is shown for three different LOS. Although for t = 0.0tff

the power spectrum seems a little bit steeper than k−5/3 (which is compatible with a

one-dimensional Kolmogorov spectrum), at latter times it becomes almost completely flat.

Previous studies (e.g. Burkhart et al. (2015)), actually found positive slopes due to gravity

acting at the smallest scales. That is not the case in our models, but as it was mentioned

before, since we cannot follow the later evolution of collapsing structures because of the

lack of an adaptive mesh refinement, we have stopped our simulations at earlier times of

the cloud’s evolution than those achieved in the studies of Burkhart et al. (2015).

Other authors have studied in detail the statistical properties like the PDF and power

spectrum of structure formation in star forming regions in the ISM and obtained similar

results (e.g., Federrath and Klessen (2013); Burkhart et al. (2015)) and we refer to these



56 Chapter 3. Results of the numerical simulations

Figure 3.7: 1D power spectrum of column density for models withMs = 7.0 that do consider self-gravity

along three LOS. The direction along which the map was integrated is indicated above each plot. On

the left we have MA = 0.6 and on the right we have MA = 2.0. The red dashed line represents the

Kolmogorov power-law (k−5/3) for reference.
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studies for more details. In Appendix B we show the PDFs and power-spectrum of other

models investigated in this work.

In the next section we are going to analyse the morphology of the filaments and how

they distribute with respect to the magnetic fields and the turbulence.
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3.2 Simulations without self-gravity

The results presented below (simulations performed by Cho and Lazarian (2003);

Burkhart et al. (2009)) were taken after the run of several turnover times of the entire

turbulence development, when then the system attained a nearly steady state. The ini-

tial conditions for these models are described on table 2.1. As stressed on Chapter 2, no

self-gravity is included in this set of simulations, only turbulence and thermal motions can

modify the magnetic field and vice-versa. Also, we remark that the models considered in

this section use a resolution of 2563 Cho and Lazarian (2003); Burkhart et al. (2009), which

is enough to study the effects of turbulence, as stressed in Section 2.3. Higher resolution

(5123) models are used to study the effects of self-gravity in Section 3.3.

In the previous section, it was presented the general behaviour of the models. Below

we are going to analyze in detail how the magnetic field distribution is affected by the

turbulence. We will begin with integrated maps obtained from the simulations.

Figure 3.8 shows the PRS analysis for all the sub-Alfvénic models and for the three

different lines of sight (LOS) (see section 2.2.1). First, when the LOS is perpendicular to

the initial field, ZE has a steeper variance for higher densities. In the case of the models

with the line of sight parallel to the initial field, the values have a smaller variance with

density growing for all the sub-Alfvénic models. Positive values of ZE indicate that E is

parallel to ∇NH , which indicates that the projected magnetic field in the plane of sky (B⊥)

is parallel to the iso-contours of NH . When the LOS is along X, i.e. parallel to the initial

magnetic field, the PRS analysis returns only positive values for most densities with very

little variation. This happens because B⊥ in this case results from motions perpendicular

to the main component of the field and this results in a random field distribution as seen

in Figure 3.9 (see more below).

In Figure 3.9, the Linear Integral Convolution (LIC) method was applied to B⊥ and

the resulting image was superimposed on the column density maps of the same models

of Figure 3.8, but only for t = 600c.u.. Comparing the maps integrated along X with

their respective PRS (right diagrams in both figures), ZE indicates that E is parallel to

the gradient of density and so B⊥ is mostly parallel to the filaments. The maps for LOS

along X from Figure 3.9 show that B⊥ has a spatial distribution quite different from the

other two LOS. The coherence length is smaller in this LOS. Since we are projecting only
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Figure 3.8: PRS time evolution for all sub-Alfvénic models (with MA = 0.7) without self-

gravity. From left to right the PRS is applied to the LOS along Z (the direction perpendicular

to the initial field), XZ (45◦ with regard to the initial field) and X (perpendicular to the initial

field) directions. From top to bottom initial Ms = 2.0, 4.0, 7.0, respectively.

the plane of the sky component of the field, we do not see the main component, only

perturbations perpendicular to it.

In the other LOSs of Figure 3.9, as the sonic Mach number is increased (keeping the

same MA = 0.7), and specially at later times when denser structures form, we identify

some negative values in the PRS, for the largest column densities. This indicates that,

when observed from these LOS, the densest structures tend to be more aligned with the

local projected magnetic field to the plane of sky. This seems to be counter-intuitive to

what one should expect, since this effect seems to be larger for larger turbulent motions

(larger Ms) relative to the magnetic field strength, where compression effects should be

even stronger. However, looking at the column density maps of Figure 3.9, we note that
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Figure 3.9: Column density maps with LIC method applied to B⊥ for the same models

presented in Figure 3.8. The time t = 600c.u. was used to illustrate what is seen in these

integrated maps of Figure 3.8. From left to right the integrated LOS is along Z (the direction

perpendicular to the initial field), XZ (45◦ with regard to the initial field) and X (perpen-

dicular to the initial field) directions. From top to bottom initial Ms = 2.0, 4.0 and 7.0,

respectively.

the increase of turbulence (increase of Ms) causes more fragmentation and the formation

of more numerous smaller and denser structures. This effect is more pronounced for the

LOS along Z (where the projected magnetic field to the sky has a larger component aligned

to the original magnetic field) and less pronounced as we go to the LOS along X (where

the projected magnetic field to the sky has a smaller component aligned to the original

magnetic field). In other words, in these sub-Alfvénic models, only the densest and smallest

structures that develop from increased fragmentation in the more turbulent models (larger

Ms) at latter stages of evolution, tend to align with the intrinsic magnetic fields, and this

effect is observable only for LOS perpendicular or with angles around 45◦ to the original
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field.

When MA = 2.0 (therefore, decreasing the strength of the magnetic field relative to

the turbulent motions), the PRS does show positive values and thus aligned structures to

the projected magnetic field for all LOS (see Figure 3.10). In this case the magnetic field

is not strong enough and it wanders due to the turbulence, it is compressed by it, and thus

cannot keep a large coherence,mostly following the fragmented fillaments. For most of the

super-Alfvénic cases the behaviour the PRS is closer to what is seen in the maps integrated

along X in the sub-Alfvénic case. Therefore, in general, the magnetic field presents itself

parallel to the filaments. In some cases, it is possible to see a behaviour that is completely

opposite to the sub-Alfvénic case (Figure 3.8), with ZE actually increasing with NH .

Figure 3.10: PRS time evolution for all super-Alfvènic (with MA = 2.0) models without

self-gravity. From left to right the PRS is applied along Z (the direction perpendicular to

the initial field), XZ (45◦ with regard to the initial field) and X (perpendicular to the initial

field) directions. From top to bottom initial Ms = 2.0, 4.0 and 7.0, respectively.



62 Chapter 3. Results of the numerical simulations

Figure 3.11: Column density maps with LIC method applied to B⊥ for the same models

presented in Figure 3.10. The time t = 600c.u. was used to illustrate what is seen in these

integrated maps. From left to right the column density distribution is integrated along Z

(the direction perpendicular to the initial field), XZ (45◦ with regard to the initial field)

and X (perpendicular to the initial field) defined directions. From top to bottom initial

Ms = 2.0, 4.0 and 7.0, respectively.

Figure 3.11 shows the column density maps and the LIC method applied along B⊥

direction for the super-Alfvenic models, similar to Figure 3.9. Comparing both images, it

becomes clear how the LOS direction is important in the sub-Alfvenic cases (Figure 3.9),

but when it comes to the super-Alfvenic simulations the influence is not as clear. We also

identify another important difference with regard to Figure 3.9, where we can see that the

coherence length of B⊥ is smaller for all LOS in Figure 3.11.

Figure 3.12 depicts ZB analysis (see section 2.2.1) for all models without self-gravity.

This analysis method indicates that the overall gradient of density is mostly perpendicular

to B (and hence, structures are mostly aligned with the intrinsic magnetic fields), since
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Figure 3.12: ZB analysis (equation 2.21) applied to the 3D distribution of density and

magnetic fields for all simulated models without self-gravity (see table 2.1) for 3 different.

On the left are presented the sub-Alfvénic (initialMA = 0.7), and on the right super-Alfvénic

(initial MA = 2.0) models. From top to bottom initial Ms = 2.0, 4.0 and 7.0, respectively.
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ZB is negative for all densities. This applies to both set of simulations, sub-Alfvénic and

super-Alfvénic. The sub-Afvénic models show slightly higher values of ZB towards denser

regions compared to their super-Alfvénic counterparts. These results indicate that the

compression of the lines by the gradient of pressure is the dominant factor due to the

supersonic turbulence. Higher sonic Mach numbers mean a higher compression of the

lines in the direction parallel to the gradient of density (pressure) and perpendicular to B,

resulting the alignment of the magnetic field with the density filament. Now, as the system

gets more and more sub-Alfvénic, B will be more intense and offer a greater resistance to

compression. Besides, as we go to higher densities, we see that ZB in the super-Alfvénic

is more negative than in the sub-Alfvénic systems.

The conclusion obtained from the ZB analysis performed above over the density distri-

butions, seems to be at first sight, a little in contradiction with the ZE analysis performed

before for the column density distributions of the turbulent models without self-gravity,

at least for the densest structures. However, the fact that no positive values of ZB appear

does not mean that there are no regions where ∇ρ is parallel to B (i.e., where dense

filaments are normal to the intrinsic magnetic fields). The first step to calculate the PRS

(both for density and for column density distributions) is to divide the density distribution

into bins (density intervals) with the same number of cells (see Soler et al. (2013)) and

then ZB (for density) and ZE (for column density) are calculated inside each bin. Since

at very high densities we have fewer structures, the last bin includes structures that have

very different values of density and therefore may have very different alignment with the

field. As we will see below, the HRO can help to distinguish the presence of perpendicular

filaments in the densest regions.

In this work, all the PRS calculations have considered 20 bins, both for ZB and ZE.

As we will see below, the information provided by both criteria ZE and ZB must be seen

as complementary to provide a whole picture of the relative distributions of the structures

and their magnetic fields.

To exemplify the distribution of angles at different density bins, Figure 3.13 shows

the histograms of relative orientations (HRO) (histogram of eq. 2.15, section 2.2) for two

different models, Ms7.0 Ma0.7 turb (left) and Ms7.0 Ma2.0 turb (right). With φ being the

angle between the gradient of density and the local magnetic field (eq. 2.15), cos(φ) = 0

means that B is perpendicular to the gradient while cos(φ) = ±1 indicates that these two
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vectors are parallel. The 3D distribution of the density structures in space for these models

is similar to what is seen in the left side of Figure 3.4 for the respective sub and super-

Alfvénic models. In the histograms, we can understand how the filaments and density

structures behave at different density intervals.

Both plots in fig. 3.13 show 6 density bins for each model. In the sub-Alfvénic case

(left) the distribution of cosφ shows a clear peak around zero for every bin, except for the

densest one, where the histogram is almost flat, meaning that there are more or less the

same number of structures parallel and perpendicular to the field lines at this density bin

(this is compatible with our previous analysis of Figures 3.8 and 3.9). At the same time,

when we look to the super-Alfvénic model (right), even when for the densest regions in

the domain there is a higher count of cosφ around zero, i.e. with the structures mostly

aligned to B at all densities (which is also compatible with the previous analysis).

The change in alignment at different densities, specially for the sub-Alfvénic models,

reflects in the PRS analysis, as there are less negative values for ZB as we go to denser

regions (Figure 3.12). However, these regions are not numerous enough nor big enough to

bring ZB to positive values.

The different colors of the lines in fig. 3.12 indicate 3 different snapshots at which

each simulation was analyzed (t=500c.u.,600c.u. and 700c.u.). For both sub-Alfvénic and

super-Alfvénic sets, as time goes by, the density variations are only caused by compression

and rarefaction due to turbulent motions. ZB values do not change much along time, but

they do change with differentMA andMs values. ForMA = 0.7, stronger magnetic fields

become dynamically more important and force the motion of the turbulent flow along the

magnetic field lines, thus increasing the values of ZB at higher densities, specially as the

sonic Mach number increases causing the formation of smaller denser structures. This does

not occur at same degree in the super-Alfvénic case.

While the density distribution shows only a change in the values of ZB as the Alfvénic

Mach number changes (Figure 3.12), for the column density along a given LOS, this beha-

viour is realized only partially in ZE (in Figures 3.8 and 3.10). To see how much the LOS

direction influences the observations, we have considered the three LOS discussed in Fi-

gures 3.8 to 3.11 for all models with no self-gravity. These models and all the information

gathered from the analyses above will be useful to discuss the influence of magnetic fields

in observed systems, which we perform in Chapter 4.
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Figure 3.13: Histograms of cos(φ) (eq. 2.15, section 2.2) for different bins of density for

the sub-Alfvénic (left) and super-Alfvénic (right) models without self-gravity. Only bins 1st,

10th, 17th,18th,19th and 20th are shown.

In the next section, the influence of self-gravity in the systems and its interaction with

both, magnetic fields and turbulence will be discussed.

3.3 Simulations with self-gravity

The simulations presented in this section have initial conditions similar to models shown

before. The detailed initial conditions are described in table 2.1. As remarked before

(Chapter 2), this set of simulations was made using a modified version of the code described

in Kowal et al. (2007); Santos-Lima et al. (2012); Leão et al. (2013).

While in models with no self-gravity the turbulent motion is the main agent modifying

the magnetic field distribution, particularly in the supersonic regime investigated here, now

gravitational forces will also become important when overdense regions start to grow and

become gravitationally unstable. In accordance to previous studies (André et al. (2010);

Hennebelle and Falgarone (2012); André et al. (2014)), these overdense regions are usually

located along filaments. Matter can flow along these structures and also influenced by the

presence of magnetic field.
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To evaluate how filaments evolve in the presence of self-gravity, we will once again use

the PRS analysis. Figure 3.14 shows the calculated values of ZB for all models. As time

passes and self-gravitating regions grow, the gradient of the density becomes less perpendi-

cular to the magnetic field at denser regions (i.e., B tends to become more perpendicular

to these collapsing regions). This result is similar to what was seen in the previous sec-

tion (Figure 3.12) when no self-gravity was present. The addition is that, higher densities

are achieved as time passes. As the fluid streams more easily along the magnetic field

lines (since in the normal direction magnetic pressure gradients will inhibit the motion

and provide support against gravity), dense structures will accumulate by gravity action

mainly perpendicularly to the field direction. This can happen for both, the sub and

super-Alfvénic cases, since at smaller scales magnetic fields become more and more impor-

tant, as they are brought along with the collapsing regions, but is more pronounced in the

sub-Alfvénic cases.

The slope of the curves presented in Figure 3.14 also behaves in a similar way as in

Figure 3.12, changing for differentMs in the sub-Alfvénic case, while in the super-Alfvénic

case, the slope does not change much. Once again, no positive values of ZB are seen, but

the change of the slope as time passes indicates that regions where ∇ρ is parallel to B at

higher densities become more important at later times. This is of course, due to the action

of gravity creating collapsed regions to where the flow of matter converges. Compared to

the models with no self-gravity where filaments are formed by compression forces only, in

the models with self-gravity we see that lower density regions are still dominated by the

interplay between turbulent motions and the magnetic field while higher density regions

become dominated by an interplay between the action of gravity and magnetic fields.

Similarly to Figure 3.13, Figure 3.15 shows the HRO curves for two self-gravitating

models, Ms7.0 Ma0.6 grav and Ms7.0 Ma2.0 grav. This was evaluated over the last out-

put of these models, when t = 0.3tff (see the right side of Figure 3.4 which shows the

filamentary 3D distributions for these models). Compared to the models that do not in-

clude self-gravity, there is an enhancement in the number of regions perpendicular to the

magnetic field at higher densities. With the action of gravity, even the super-Alfvénic

model shows a change in the number of counts of cosφ = ±1.0. ZB is still negative to all

values of density, but the influence of gravity interacting with denser regions is clear.

The critical density (vertical green dashed line in Figure 3.14) seems to be related to
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Figure 3.14: ZB analysis (equation 2.21) applied to the 3D distribution of density and

magnetic fields for all simulated models with self-gravity (see table 2.1). On the left are

presented the sub-Alfvénic (initialMA = 0.6) and on the right, super-Alfvénic (initialMA =

2.0) models. From top to bottom initialMs = 2.0, 4.0 and 7.0, respectively. The green dashed

line indicates the critical density for star-formation (eq. 2.14).
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Figure 3.15: Histograms of cos(φ) (eq. 2.15, see section 2.2) for different bins of density for

the sub-Alfvénic (initialMA = 0.6, left) and super-Alfvénic (initialMA = 2.0, right) models

with self-gravity. Only bins 1st, 10th, 17th,18th,19th and 20th are shown.

the densest bins, for models with sonic Mach numbers Ms = 4.0 and 7.0. There is a

“jump” in the values of density between the penultimate and last points in the diagrams

that comes from the density range considered in the bins (as can be seen in Figure 3.15,

the 20th bin has a wider range of densities compared to the 19th). While the last point is

related to densities that are part of the power-law tail of the PDF, the penultimate point

is near the transition between the lognormal and power-law. In the super-Alfvénic case,

the penultimate point is very close to ρc for all times considered, while in the sub-Alfvénic

the penultimate point approaches ρc as the system evolves.

Tracing the critical density of a system using the PRS is an interesting possibility, and

the exact relation between the two can be further explored following the evolution of the

alignment between structures and the magnetic field at smaller scales and at latter times

of the collapse. However due to the lack of an adaptive mesh with increasing resolution in

densest regions in our models, this is out of the scope of this work.

Still, the results discussed up to this point are very similar to what was shown in the

previous section for models without self-gravity. We note that self-gravity does increase the

number of denser regions where B is parallel to the gradient of density in the sub-Alfvénic
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models, but it has little or no effect when it comes to the simulations with MA = 2.0.

At smaller scales this is probably not true, since we expect that magnetic fields should be

brought along with the fluid during collapse, at some point these cores must become sub-

Alfvénic and once again B would influence how the gas collapses. However, the simulations

do not have enough resolution to follow the process up to this point.

Figure 3.16: PRS time evolution for all sub-Alfvénic (with MA = 0.6) models with self-

gravity. From left to right the PRS is applied along Z (the direction perpendicular to the

initial field), XZ (45◦ with regard to the initial field) and X (perpendicular to the initial field)

directions. From top to bottom initial Ms = 2.0, 4.0 and 7.0, respectively.

In order to compare these simulations with observations we need to once again integrate

along a defined LOS. We will follow same directions used in section 3.2, just note that for

this set of simulations, the initial magnetic field was initially parallel to the Z axis and not

the X axis. Figures 3.16 and 3.18 show the PRS analysis (ZE) for the integrated density
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(column density) distribution along the three different LOS. As in Figures 3.8(for initial

MA = 0.7) and 3.10(for initial MA = 2.0), the first column represents the LOS parallel

to the initial magnetic field, the middle column shows ZE for a LOS making an angle of

45◦ with regard to the initial field, and the right column, is for a LOS perpendicular to

the initial magnetic field. From top to bottom, each line has, respectively, Ms ∼ 1.8, 4.0

and 7.0.

As we have seen before, the fragmentation and collapse of the structures in the cloud

depends on the sonic Mach number, the higher, the faster the collapsing very dense regions

appear, and the PDF of density reaches a power-law tail with a slope α = 1.5 (see section

3.1). First, in the sub-Alfvénic cases (Figure 3.16), the initial distribution of ZE (black

curve) is similar to the simulations without self-gravity. However, as the densest regions

collapse, the effect seen in ZB (Figure 3.14) is more pronounced for ZE.

From the sub-Alfvénic models that do not consider self-gravity (see Figure 3.8) we saw

that for higher sonic Mach numbers, and when the LOS is not parallel to initial magnetic

field, ZE decreases as the density increases. That is exactly what is seen in the models

from Figure 3.16 when t = 0.0 tff . However, with gravity acting over the system all models

evolve to a similar distribution of ZE, with lower densities having positive (B aligned with

the filaments) values and higher densities showing negative values (B perpendicular to

the filaments). This turns out to be the case even when the LOS is parallel to initial

field (where we see less of the original magnetic field orientation and more of the random

component, see the first column of Figure 3.16). In particular, for Ms = 1.8, this trend

is not initially present, but the action of gravity results in negative values of ZE at later

times for all LOS. In summary, self-gravity does affect the ZE distribution of dense regions

of sub-Alfvénic models more clearly than in models with no gravity, as we should expect,

and may help to distinguish between different observed IS regions (see Chapter 4).

With the LIC method applied to the projected magnetic field to the sky (B⊥), Figure

3.17 shows the column density maps at the latest time considered in each simulation

(when αpowerlaw = 1.5), for the sub-Alfvenic models (MA = 0.6) with self-gravity. The

magnetic field is coherent over a large distance when the integration is made along the

inclined LOS (45◦) or perpendicular to the initial field. As the system is sub-Alfvénic,

very dense structures should form mostly perpendicular to the magnetic field even in

highly supersonic turbulence, however this can only be realized in the integrated maps if
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the LOS is not aligned to the initial field (X and XZ LOS in the figure). Once self-gravity

becomes important the collapse of structures naturally occurs along the magnetic field

lines, which means that negative values of ZE appear at higher densities for all LOS (as

we have seen in Figure 3.16). From the LIC maps in Figure 3.17, it is easy to see dense

structures perpendicular to B⊥ for the LOS X and XZ, but not so much for Z. Still these

regions are present, as was highlighted in Figure 3.16.

Figure 3.17: Column density maps with LIC method applied to B⊥ for the same sub-

Alfvénic models with self-gravity presented in Figure 3.16. The time considered for each

map is indicated above each diagram. From left to right the integration is along X (the

direction perpendicular to the initial field), XZ (45◦ with regard to the initial field) and Z

(perpendicular to the initial field) defined directions. From top to bottom initialMs = 1.8, 4.0

and 7.0, respectively.

For the super-Alfvénic case (MA = 2.0; see Figure 3.18) the scenario is different, the

polarization vector E appears mainly aligned to the column density gradient ∇NH (i.e.

ZE > 0 always, eq. 2.21), which means that the projected magnetic field is more frequently
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parallel to the structures. This is similar to the no-gravity super-Alfvénic models (Figure

3.11), but in Figure 3.18 larger column densities and ZE values are achieved. Smaller

values of ZE at higher densities also appear for Ms = 7.0 at later times, but for sonic

Mach numbers 1.8 and 4.0 higher values of ZE are seen at these densities, indicating that

denser structures are still aligned to the projected field to the sky.

Figure 3.18: PRS time evolution for all super-Alfvénic (with MA = 2.0) models with self-

gravity. From left to right the PRS is applied along Z (the direction perpendicular to the

initial field), XZ (45◦ with regard to the initial field) and X (perpendicular to the initial field)

directions. From top to bottom initial Ms = 2.0, 4.0 and 7.0, respectively.

With lower sonic Mach numbers, less fragmentation occurs. While the compression of

the gas can bring together field lines along the filaments, the voids (dark blue regions in

Figure 3.19) are left with a coherent B⊥. When we consider a higher sonic Mach number
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this effect is still present, but with the larger fragmentation, inside the filaments there are

several cores at later times. The field is still mainly aligned to the filament, but due to

the action of gravity, in the several collapsing cores, where locally the system can become

sub-Alfvénic, there are regions where the gradient of density is parallel to the field lines.

Figure 3.19: Column density maps with LIC method applied to B⊥ for the same super-

Alfvénic models with self-gravity presented in Figure 3.18. The time considered for each

map is indicated above each diagram. From left to right the integration is along X (the

direction perpendicular to the initial field), XZ (45◦ with regard to the initial field) and Z

(perpendicular to the initial field) defined directions. From top to bottom initialMs = 1.8, 4.0

and 7.0, respectively.

3.3.1 Turbulence, gravity and magnetic field interlinks

From what has been shown, the mere presence of the magnetic field creates an ani-

sotropy inside the cloud. Naturally, compression induced by the supersonic turbulent
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motions will bring magnetic field lines together, which in turn can make the motion locally

sub-Alfvénic. Figures 3.12 and 3.14 show that ZB steadily grows for all cases, which is an

indication of this characteristic of MHD systems.

To better understand how gravity affects different density intervals, in Figure 3.20

we present again the histograms of cos(φ) distribution (HRO) for sub-Alfvénic and super-

Alfvénic models, with the same sonic Mach number (Ms = 7.0). On the left, we have these

models in the initial state at which only turbulence is present (t = 0.0tff ). This snapshot

is also representative of what is commonly seen in the simulations that do not consider

self-gravity (and is similar to Figure 3.13). On the right, it is presented the final step for

the same models, when self-gravity is operating and several regions have collapsed. Only

regions with densities higher than ρc, as defined in equation 2.14, have been considered

(these diagrams are the same as in Figure 3.15). In Figure 3.21 the green lines are the

PDFs of the models in the aforementioned figure.

In all diagrams of Figure 3.20, lower density regions (bright blue color) have a peak

around cos(φ) = 0, indicating B is mostly aligned with the filaments due to compression.

At higher densities, we have a more interesting scenario, showing how much these regions

are affected by gravity, as discussed before. While ZB shows only a variation, but is still

negative across all density range (see Figures 3.12 and 3.14), the histograms of Figure 3.20

reveal a clearer role of gravity.

In the sub-Alfvénic case (MA = 0.6), when only turbulence is present the distribution

of cos(φ) is almost flat at higher densities, but once these regions collapse the number of

cells where cos(φ) = 0 (i.e. B parallel to the filaments) reduces immensely. Each of the

curves in Figure 3.20 represents one density bin. Since we are considering 21 bins, the

effects only become really important in the last three or four bins. In Figure 3.20 only bins

1st, 13th, 19th, 20th and 21st are shown.

In the super-Alfvénic case (MA = 2.0), without gravity, there is very little trace of

regions where the magnetic field lines are parallel to the gradient of density (i.e., normal to

the filamentary structures). This is, of course, only possible to be seen in highly super-sonic

systems, as indicated by ZB diagram previously (Figure 3.14).

To complete our analysis, Figure 3.21 shows the PDF of the densities for all models

investigated, for two snapshots, the same initial one (when turbulence has fully developed

to steady state just before self-gravity is turned on, t = 0.0tff ) and the final snapshot
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(which is different for each model). Figure 3.21 also indicates, with vertical dashed lines,

the critical density at which each model will form stars (eq.2.14).

A comparison of this figure with Figure 3.14 for the super-Alfvenic model, shows that

the highest density regions with B normal to the filaments are all in the power-law tail,

which also indicates that gravity is the responsible for creating this kind of alignment.

Even though the system starts with a homogeneous magnetic field along Z direction, it

does not take too long before the initial coherence of the field is lost. While in the sub-

Alfvénic case, turbulence pushed by magnetic pressure gradients can be enough to create

structures perpendicular to the field, with MA = 2.0 the HRO analysis shows this sort of

distribution cannot be achieved without the help of gravity, as previously remarked.

The projection (and integration) of structures along a given LOS can also provide hints

about the relation between gravity and magnetic fields, even though the relation with what

is seen in the three dimensional distribution pf density is not straightforward.

The integration along the LOS has an effect of “averaging ”what is happening inside

the volume of the system. For example, even for lower sonic Mach numbers (Ms = 1.8),

if the LOS is parallel to the initial magnetic field, most B⊥ appears parallel to the iso-

contours of the column density, when self-gravity is not important. The first column of

Figure 3.8 shows this behaviour, as all PRS’s are close to a flat distribution. This is clearly

not the case when self-gravity is considered, since this force will dominate the system at

higher densities and, combined with the magnetic pressure forces, will make the gas to

flow mostly along the lines. From the left column of Figure 3.16, in sub-Alfvénic models

(MA = 0.6) at later times, negative values of Ze are present for all sonic Mach numbers

used, as a reflection of this property.

The projection along different lines of sight does not show any particularity when

MA = 2.0. Varying the sonic Mach number does seem to produce a substantial change in

Ze. While for Ms = 7.0 the behaviour at later times is similar to the sub-Alfvénic case,

for lower sonic Mach numbers show Ze has opposite behaviour. Figure 3.19 shows a lot of

filaments and overdense regions inside those filaments when Ms = 7.0 produce negative

values of Ze, i.e. have the projected magnetic field to the sky B⊥, perpendicular to the

structure, as concluded before). This property is also present in models with lower sonic

Mach number, but the fragmentation of the cloud is smaller in these cases. This means

that the number of filaments and cores is smaller and the statistics of less dense regions



Section 3.3. Simulations with self-gravity 77

Figure 3.20: Histograms of cos(φ) (eq. 2.15, see section 2.2) for different bins of density

for the sub-Alfvénic (initial MA = 0.6, top) and super-Alfvénic (initial MA = 2.0, down)

models with self-gravity. The initial time t = 0.0tff is presented on the left, and the final

state t = 0.3tff on the right side. Only bins 1st, 10th, 17th,18th,19th and 20th are shown.
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Figure 3.21: Density PDF’s of all models with self-gravity. The top diagrams show the

sub-Alfvenic and the bottom ones, the super-Alfvenic models. On the left, t = 0.0tff is

shown. On the right, t = 1.2tff , 0.4tff and 0.3tff is considered for Ms = 1.8, 4.0 and 7.0,

respectively. The dashed vertical lines are the critical density for star formation according to

equation 2.14 for each of the models.

prevails over the PRS.

3.4 Summary of the results

We can summarize our findings as follows:

1. Considering the results from the analysis of the integrated density (column density)

maps along different LOS of the models that do not consider self-gravity (section

3.2) we have found that:

• For sub-Alfvénic models, the magnetic field introduces an anisotropy in the sys-

tem, and the direction of the LOS with regard to the initial magnetic field is
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important. First, this affects the general morphology and coherence of the field

projected on the sky. When the LOS is parallel to initial field, only perpen-

dicular random components to the intrinsic field are seen. When the LOS is

not parallel, the main component of the intrinsic field appears as more coherent

projected coherent field across large length scales. The LOS in these cases also

changes the PRS distribution (ZE; equation 2.21), and this is also affected by

the sonic Mach number. For smaller sonic Mach numbers (Ms ∼ 2.0) most

of the polarization vector E appears parallel to the gradient of column density

(∇NH), ZE > 0 in all models, that is, the magnetic fields are mainly aligned

to the filaments, due to action of supersonic turbulent compression motions.

For larger sonic numbers, the fragmentation increases and smaller values of ZE

can be seen for denser regions (specially if the LOS is not parallel to the initial

magnetic field). This indicates that these denser smaller regions have a greater

contribution of structures perpendicular to B⊥, due to the dominance of the

magnetic forces that prevent gas motion across the lines, facilitating their flow

along them.

• For super-Alfvénic models, the less intense magnetic field does not show the

same kind of coherence along large length scales, since the lines are more easily

twisted by the turbulent motions, and the column density maps show similar

characteristics at different LOS. The PRS analysis also reflects this, with ZE

presenting only positive values (often ranging between ∼ 5 − 20) for all LOS.

Different sonic Mach numbers also show no clear effect in the alignment of the

structures with the field.

2. Considering the results of the analysis of the column density maps along different

LOS for the models that include self-gravity (section 3.3) we have found that:

• With the presence of self-gravity there is an enhancement of dense structures

perpendicular to the projected magnetic field to the sky. When the system is

sub-Alfvénic, smaller values of ZE are present for all LOS at higher column

density values. At later times, all models show at some degree a change from

positive to negative values in ZE which implies the presence of dense collapsing

structures with magnetic fields normal to them, as one should expect, since the
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collapse is easier along the magnetic fields.

• For the super-Alfvénic models, as in the case with no gravity, ZE is positive

for all LOS indicating that most structures are aligned with the projected mag-

netic field to the sky. This effect is less prominent for Ms = 7.0, where more

fragmentation again propitiates the formation of denser collapsed cores inside

filaments, and since magnetic fields are aligned to them, these cores appear as

perpendicular structures to the field and therefore yield lower values of ZE.

3. With regard to the 3D analysis of the density structures, we have found that:

• For the sub-Alfvénic models, turbulence alone can create perpendicular fila-

ments to magnetic field, since the strong field is resistant to compressions per-

pendicular to its direction, leading the supersonic turbulence to compresses the

gas in directions parallel to the field. The inclusion of gravity helps the creation

of structures perpendicular to the field, and less dense filaments parallel to it

(see Figure 3.4). This is more easily realised through the histograms of cos(φ)

(left diagram of Figures 3.13 and 3.15), with cos(φ) = ±1 having a higher num-

ber of counts for the bin of largest density. In accordance to what is observed in

the column density maps for ZE (Figures 3.9 and 3.17), the PRS analysis of the

density shows higher values of ZB with higher sonic Mach numbers, specially at

higher densities.2

• For the super-Alfvénic models, magnetic field lines appear mostly aligned to

filaments when only turbulence is considered, with the sonic Mach having little

or no effect. However, models that consider gravity have a change in the beha-

viour of dense regions, with structures appearing perpendicular to the magnetic

field at later times.

Finally, taking into consideration what has been shown in this Chapter, we can conclude

that self-gravity gravity can create several structures perpendicular to the magnetic field,

regardless of the mean Alfvénic mach number of the cloud. As evidenced by the PDF and

power spectrum, the smaller scales of the clouds are clearly being dominated by gravity,

2 Note that positive values of ZE should be reflected as negative values of ZB , and vice-versa (see Section

2.2.1).
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while less dense regions are mainly affected by turbulence, as lower densities still sit in

the lognormal branch of the PDF (see Figure 3.21). Effects of projection due to the LOS

may change the observed alignment for less dense regions, but still overdense regions show

smaller values of ZE.

In the next chapter, we will use these models to compare with observations made by

Planck Satellite, Herschel and BLASTPol.
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Chapter 4

Comparison of the models with Observations

4.1 Introduction

To compare the results of the simulated models presented in the previous chapter with

observations, we will use as main sources, the clouds observed by Planck Satellite (Planck

Collaboration et al. (2016)) and BLASTPol (Soler et al. (2017)). These results have been

revised by Jow et al. (2018), which serves as direct comparison to our results.

Figure 4.1: Column density map of the entire sky observed by Planck at 353 GHz. Black

squares indicate the location of the molecular clouds observed. Extracted from Planck Col-

laboration et al. (2016).

Planck Satellite observed thermal emission and dust polarization in 7 bands between

30 and 353 GHz. In the case of Planck Collaboration et al. (2016), the observations were

made using the High Frequency Instrument at 353 GHz. The molecular clouds reported

have distances estimated between ∼ 150 pc and ∼ 450 pc. Given their angular sizes of



84 Chapter 4. Comparison of the models with Observations

about 15◦ × 15◦, these distances imply that the clouds have sizes up to ∼ 100 pc. The

sonic Mach number estimated for these regions may vary, e.g. Polaris MC hasMs varying

between ∼ 3− 7 depending on the region inside the cloud. Orion has Ms ∼ 8 (Schneider

et al. (2013)). Temperatures range between ∼ 10− 30K (Kirk et al. (2013)). Our models

are compatible with these values. Figure 4.1 depicts the observation of the whole sky made

by Planck Satellite and the black squares show the location of the MCs reported in Planck

Collaboration et al. (2016).

Figure 4.2: Column density map of Vela C observed by Herschel usiing SPIRE and PACS

instruments and projected magnetic (line pattern produced using a LIC method) field derived

from BLAST-Pol observations. Extracted from Soler et al. (2017).

Figure 4.2 depicts the derived column density maps and projected magnetic field onto

the sky for Vela C, obtained using BLAST-Pol to estimate the magnetic field direction

(Galitzki et al. (2014); Fissel et al. (2016); Gandilo et al. (2016)), and Heschel, to derive

the column density maps (Hill et al. (2011)). BLAST-Pol used three wavelengths centered

at 250, 350 and 500 µm. For the column density, Heschel, SPIRE and PACS data were

used, with observations made at 160 (PACS), 250, 350 and 500 µm. Previous studies place

the cloud around a 700 pc distance, with a total mass of more than 105 M�. Despite being

a massive cloud, it is still at an early stage of evolution, and some authors claim that only

one or two O-type stars have been formed (Soler et al. (2017) and references therein). The
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estimated temperature ranges between ∼ 10− 30K inside the cloud (Hill et al. (2011)).

4.2 PRS and angular distribution analysis

Jow et al. (2018) have revised the data presented in the works mentioned above in order

to apply the PRS method described in section 2.2.1. Figure 4.3 shows the comparison of

the PRS presented in section 3.3 with the results obtained for Vela C and a few of the

clouds observed by Planck Collaboration et al. (2016).

The PRS analysis is sensitive to the number of points in the sample. This means that

directly comparing the values of ZE with the ones obtained in observations may need a

little caution, this will be discussed later in this section. Nonetheless, our results can

offer some insight of how the magnetic field is reflected in observations and what kind of

structure distribution we can expect inside the observed MCs.

The first point that can be remarked is the general distribution of the projected mag-

netic field on the sky B⊥ for most clouds. Although part of B⊥ may appear randomly

distributed on some regions of the same cloud, a main component can still be perceived,

generating some coherence of the projected field inside the clouds along a single direction.

Chamaleon-Musca and Aquila, for instance, are good examples of this (see Figure 4.4,

left). As discussed in the previous chapter, this is a characteristic observed mainly in our

sub-Alfvénic models.

From the integrated maps obtained from our supersonic, sub-Alfvénic models (Figures

3.9 and 3.17), B⊥ becomes more chaotic as the LOS gets closer to the direction of the

mean magnetic field. The LOS has then the effect of regions where locally the field can

appear as a random twist, while still showing a general coherence for most of the cloud.

This indicates that clouds where this characteristic is present can be compared to our

sub-Alfvénic models with the LOS making an angle with the local mean magnetic field.

A strike evidence in favor of a sub-Alfvénic description of the turbulence in these clouds,

rather than super-Alfvénic, is the PRS analysis presented in Figure 4.3. This reveals that

the observed relation between density gradients and the projected magnetic field in the

sky is similar to the sub-Alfvénic models we simulated, going from positive to negative

as density grows, i.e. less dense regions appear more aligned to the magnetic field, while

dense regions appear more perpendicular to it. For most clouds, the turbulent models
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Figure 4.3: Top: ZE (eq. 2.21) calculated from observations (Planck Collaboration et al.

(2016); Soler et al. (2017)). Bottom: ZE (eq. 2.21) calculated from our simulated models

considering all LOS for models with Ms = 4 and 7. The PRS when only turbulence is

presented on the left. The PRS calculated for the final state of models that consider self-

gravity is shown on the right. The Alfvénic Mach number of the models is indicated above

each plot.
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Figure 4.4: Left: Column density maps overlaid with the estimated magnetic field direc-

tion estimated from the polarization observations at 353 GHz from Planck Satellite from

Aquila and Chamaeleon-Musca. Right: Histogram of relative orientations similar to what

was presented in Figure 3.20. Extracted from Planck Collaboration et al. (2016).

approximately produce a behaviour of ZE compatible with the observations. The different

regions of Vela C in particular show higher column density values and most of the structures

appear perpendicular to the projected magnetic field, since they have a negative tail of

ZE at higher densities. Which is only achieved in the sub-Alfvénic models that consider

self-gravity (see Fig. 4.3). Aquila, on the other hand can be described by a sub-Alfvénic

model without gravity.

Complementary information is provided in Figures 4.4 and 4.5 that present the ob-
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Figure 4.5: Left: Column density maps overlaid with the estimated magnetic field direction

estimated from the polarization observations at 353 GHz from Planck Satellite from Taurus

and Ophiuchus. Right: Histogram of relative orientations similar to what was presented in

Figure 3.20. Extracted from Planck Collaboration et al. (2016).

served integrated column densities of the clouds Aquila, Chamaeleon-Musca, Taurus and

Ophiucus on the left side, and the histograms of relative orientations between the projec-

ted magnetic fields and the density gradient of the structures in these clouds. Comparing

with the histograms of our models in Figure 3.20, we note a similar behaviour with the

sub-Alfvénic models, i.e., as we go from less dense to denser structures, the relative ori-

entation between the magnetic field and the filaments goes from aligned to perpendicular,

particularly in the case of Chamaeleon-Musca and at some extent Taurus. Note that Fi-
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gure 3.20 shows the HRO applied to the 3D structures and not to column density maps,

still the behaviour is similar.

One effect that can also influence the comparison of the PRS from observations with our

simulated models in related to the resolution and field of view that is possible to achieve

with the telescopes. The size of the clouds in our simulations is 10 pc, while the clouds

observed can extend up to hundreds of parsecs. This means that our results are more

representative of sub-structures inside the clouds and not so much of the global formation

of the cloud and their surroundings. The PRS results reported in Jow et al. (2018) are for

entire regions observed by the Planck satellite. Even though, our study presents results

that are qualitatively comparable to the observations and hence, one can always argue

that due to the self-similarity nature of the turbulent clouds, the general behaviour at very

large scales does not differ much of that in the intermediate scales inside the clouds, at

least in scales where self-gravity is not dominant yet.

To account for the scaling effect above, we may take the self-gravity, sub-Alfvénic

simulations with Ms = 1.8. It is important to highlight that due to self-gravity, the units

considered in the code are scale dependent. When the Poisson equation is calculated, it

actually considers the normalized potential:

∇2Ψ′ = ∇2
( Ψ

4πG

)
= ρ (4.1)

The normalization implies a gravitational constant in code units as follows:

Gc.u. = GNρ0

(
L

cs

)2

(4.2)

where GN is the gravitational constant, ρ0 is the initial density of the simulation, and L

the size of the domain. With this in mind, it is possible to re-scale our models as long as

we keep Gc.u. the same, i.e. the ratio in the right-hand side of the equation, ρ0

(
L
cs

)2
, must

be kept constant.

We consider a region of 40 pc, which is approximately the estimated extension of the

observed clouds indicated in Figure 4.1. Considering the same temperature for the re-

scaling (10K), the average density in this larger system is around 6 cm−3 to keep the ration

ρ0

(
L
cs

)2
constant. The final result is shown in Figure 4.6.

It is important to highlight that with the re-scaling, the turbulence injection scale may

differ from what was considered in our models, but the comparison below is still valid as
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a first approximation. In a future work we intend to further explore the findings reported

below.

On the left side of Figure 4.6, the original column density and PRS that was extracted

from the simulation is shown for the re-scaled system. The integration was made along a

direction 45◦ inclined with respect to the initial magnetic field. On the bottom left diagram

of Figure 4.6, the red line is the obtained PRS for from observations of Chamaeleon-Musca

(same as in the top diagram of Figure 4.3), and the black line is the PRS calculated

for model Ms1.8 Ma 2.0 grav. The right-hand side of the figure shows the same column

density map of the left, but convolved with a 2D Gaussian kernel (see Soler et al. (2013) for

further details). The image has been smoothed to roughly the same spatial resolution of the

observations, as it was done by Planck Collaboration et al. (2016). In our simulation, the

smoothing length corresponds to about 7 cells. We note that the PRS for the smoothed map

is quite different at higher densities, even if the column density is still similar to the original

one, thus providing different information. In fact, we see that the PRS calculated for the

smoothed map is more similar to the observed one (red curve). Originally, the structures

are aligned to the magnetic field for all column densities, but if we take into account

the lack of resolution smaller scales of the observations, dense structures actually appear

perpendicular to the magnetic field. Both maps may share similarities with Chamaeleon-

Musca (Figure 4.4), but the alignment indicated by the PRS in the smoothed map is

actually not representative of the real behaviour of the projected magnetic field onto the

sky (inferred from the simulations).

4.3 A closer look inside the Molecular Clouds

As discussed in Chapter 1, clouds may form in the WNM where temperature is very

high (∼ 104K) and the turbulence is subsonic with regard to the hot gas. However,

inside molecular clouds, the turbulence is supersonic, with Ms&3. With this in mind, a

transition between these two states needs to happen and our simulations with Ms = 1.8

can be reasonable models to compare if we conceive a state where the cloud has started to

collapse and the temperature has cooled to around 10K.

Of course we are limited to an isothermal simulation, which may not be realistic if we

think in the scales that these clouds are born, but the analysis from Figure 4.6, which was
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Figure 4.6: Left: Column density map along LOS XZ for our model Ms1.8 Ma2.0 grav (top)

and the PRS calculated for the respective map (bottom). Right: Same map, but convolved

with a Gaussian kernel in a similar processes to the one made for observations from Planck

Collaboration et al. (2016) (top) and the PRS of the respective map (bottom) (see also Soler

et al. (2013) for further details).

performed to compare with the Chamaeleon-Musca cloud, serves as an illustration of other

effects that may influence the results obtained from observations. The similarities seen in

the general behaviour of B⊥ and the formation of larger collapsed regions perpendicular

to it, as well as the comparison of the PRS showing a reasonable match in Figure 4.6, can

be further explored in a future work. Our models also provide a reasonable description of

the evolution inside the cloud.

Observations made by Palmeirim et al. (2013) using Herschel Telescope have revealed

several smaller structures around the filament B211/3 in Taurus molecular cloud (see

Figure 4.7). The dense filament (B211/3) appears perpendicular to the magnetic field

around it, while less dense structures (the striations in Figure 4.7) are parallel to the

projected magnetic field onto the sky. According to the scale indicated in the Figure, the
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size of the region is about ∼ 3 pc× 4 pc. The separate regions of Vela C in Figure 4.2 also

have similar sizes.

To evaluate the behaviour of these smaller, denser regions, both of Taurus (Figure

4.7) and Vela C (Figure 4.2), Figure 4.8 shows the time evolution of the column density

of two regions of similar size to these clouds extracted from our self-gravity models with

Ms = 7.0. The density integration was along a LOS making an angle of 45◦ with respect

to the original magnetic field. On the left, we haveMA = 0.6, on the rightMA = 2.0 and

the time is indicated on the top of each image. The time considered is indicated above

each map. While in the sub-Alfvénic case filaments appear mostly perpendicular to the

projected magnetic fields onto the sky, in the super-Alfvénic case they commonly appear

aligned with the magnetic fields.

Figure 4.7: Herschel/SPIRE 250 µm image of B211/B213/L1495 region in Taurus. On

the left-hand side, filaments B211 and B213 are highlighted by the light blue and purple

curves. On the right-hand side, the green lines represent the magnetic field direction derived

from optical and infrared polarization vectors. Blue curves represents striations, less dense

filaments perpendicular to the main filament B211/B213, which is represented by the black

line. The diagram on the lower right corner represent the average position of the polarization

angles, low-density striations and the main filament, respectively. Extracted from Palmeirim

et al. (2013)

In Figure 4.8, initially (at t = 0.0tff ), it is possible to see filaments both parallel

and perpendicular to the magnetic field in the sub-Alfvénic model. At this time, as only

turbulence and magnetic fields are present, the compression motions tend to align the
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Figure 4.8: Time evolution of zoomed-in regions extracted from models Ms7.0 Ma0.6 grav

(left) and Ms7.0 Ma2.0 grav (right). Both maps were integrated along LOS XZ (45◦ inclined

with respect to the initial magnetic field). The time considered is indicated above each map.
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Figure 4.9: Time evolution of the PRS analysis (ZE , eq. 2.21) for the same maps presented in

Figure 4.8. Solid lines represent the PRS along time calculated from our models, sub-Alfvénic

on the left-hand side and super-Alfvénic on the right hand side. Dashed lines represent the

observed PRS of some regions presented in the top diagram of Figure 4.3.

filaments with the magnetic lines (an effect which is more pronounced in the super-Alfvénic

model on the right side of the figure), while the stronger magnetic fields imposed by the sub-

Alfvénic regime tend to oppose resistance to alignment, through their tension and pressure

gradient forces. As time passes, matter flows along the lines and results in denser filaments

perpendicular to the field. In the super-Alfvénic case, the magnetic field is dragged with

the flow resulting in projected magnetic fields aligned to the filaments. Along time, it is

also possible to see dense regions where the field is perpendicular to the structures, which

is evidenced in Figure 4.9 for t = 0.3tff , with ZE < 0 for the highest column densities in

both models.

In Figure 4.9, the solid lines show the PRS analysis of the column density maps presen-

ted in Figure 4.8. The results for the sub-Alfvénic models are shown on the left-hand side,

and the ones for the sub-Alfvénic model are shown on the right-hand side. The dashed

lines show the PRS calculated for some of the observations (see top diagram of Figure 4.3)

as a comparison.

Once again the distribution of ZE obtained in our sub-Alfvénic models seems a bet-

ter representation of what is observed in the sky. Note that the values of ZE for the
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super-Alfvénic case when t = 0.3tff and several regions have already collapsed, also show

negative values for higher column densities, which is expected as discussed in Chapter 3,

but the distribution for smaller densities and at previous times is not compatible with

the observation. On the other hand, the sub-Alfvénic model shows very similar behaviour

when compared to the observation. In particular, the PRS analysis obtained from the

sub-Alfvénic model in Figure 4.3 ressembles to what is seen in Vela C.

A final remark is in order. Our models were made considering only solenoidal driving

turbulence. However as discussed in Chapter 1, compressive modes may change the dis-

tribution of the filaments and this may affect the resulting PRS analysis. This will be one

of the subjects of forthcoming work.
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Chapter 5

Conclusions and Future Perspectives

5.1 A summary of our findings

In this work we have performed 3D MHD simulations of MCs aiming at studying the

relation between turbulence, magnetic fields and gravity. Our models considered initially

homogeneous magnetic field and density ρ0 in a 10 pc×10 pc×10 pc. Two main families of

models have been explored, one with self-gravity and one without self-gravity. Turbulence

has been driven in the system at an injection scale and allowed to cascade down to the

smallest scales, reaching a steady state. For models that considered self-gravity, only after

this point gravity was turned-on.

The models considered have initial sonic Mach numbers Ms ∼ 2.0, 4.0 and 7.0, and

Alfvénic Mach numbers MA ∼ 0.7, and MA ∼ 2.0. To ensure the gravitational collapse

of our clouds when self-gravity is present, we considered an initial density, ρ0, such that

the turbulent to gravitational energy density ratio is αvir ∼ 0.5 (eq. 2.12).

We followed the evolution of our simulated models through the density PDF and power

spectrum, with our turbulent models with no self-gravity showing a density distribution

compatible with a lognormal distribution (eq. 2.7), and a power-spectrum compatible with

a Kolmogorov distribution. The PDF of our models with self-gravity show, as structures

collapse due to gravity, a power-law distribution for higher densities which becomes shal-

lower over time. The density power-spectrum of the self-gravitating models also deviates

from the initial distribution (which is similar to the one seen in the models that do not

consider self-gravity), becoming flat over time.

Evaluating the histogram of relative orientations between the magnetic fields and the

density gradients (Soler et al. (2013)), and applying the PRS analysis (Jow et al. (2018)) to
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our models, we verified that MHD turbulence, to some extent, always creates dense struc-

tures perpendicular to the magnetic fields. This is evidenced by an increase in the values

of the PRS, ZB (Figures 3.12 and 3.14), for higher densities, although for super-Alfvénic

models this effect is very small. However, the degree at which these structures appear on

column density maps depend on the sonic and Alfvénic Mach numbers, as well as on the

LOS. For our sub-Alfvénic models without self-gravity, we found that when the LOS is

not parallel to the initial magnetic field, and the sonic Mach number is high enough, the

PRS for the column density, ZE, shows higher values for lower column densities (implying

a gradient of column density aligned with the polarization vector, i.e., the projected mag-

netic field onto the plane of sky aligned with filaments) and values near zero or negative

for higher densities (implying either no preferential alignment, or the polarization vector

perpendicular to the gradient of column density and the projected magnetic field normal

to the filaments). When the LOS is parallel to the initial magnetic field or the sonic Mach

number is small, the column density structures follow mainly the projected magnetic field.

This last result is very similar to super-Alfvénic models without self-gravity, with ZE > 0

for all LOS and all sonic Mach numbers.

When gravity is considered this scenario changes. Gravity enhances the formation of

structures perpendicular to the magnetic field at higher densities for all models. In the case

of super-Alfvénic models, this effect is more pronounced when the sonic Mach number is

higher. For the column density maps, sub-Alfvénic model show ZE < 0 at higher densities

for all sonic Mach numbers, and for all LOS, at later times. For super-Alfvénic models,

only for Ms = 7.0, smaller values of ZE are present at higher densities.

In Chapter 4 we have compared the results described above with observations made

by Planck, Herschel and BLASTPol. The comparison indicates that, qualitatively, our

sub-Alfvénic models can better reproduce the characteristics of observed clouds. Not only

the behaviour of the observed ZE , but also the general coherence of the magnetic field

projected on the plane of the sky (B⊥), is compatible with our sub-Alfvénic models for

most clouds. There are clouds where twists of B⊥ could be explained with effects due

to LOS. Clouds like Aquila, for instance, can be well represented by models with no self-

gravity or in earlier stages of collapse, while Taurus and Vela C have some similarities with

the models with a more advanced stage of gravitational collapse.
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5.2 Results from previous studies in the literature

Soler et al. (2013) have first analysed the alignment of structures with the magnetic

fields in a molecular cloud using statistical tools like those employed in this work. However,

in their study turbulence was not constantly driven in the simulated system, and thus

was allowed to decay with time. Also, they did not consider sub-Alfvénic models and

investigated only a single sonic Mach number. Their highest magnetized model hadMA =

3.16 and Ms = 10, so that they could not investigate most relevant dynamical effects

of the magnetic fields in the evolution of star forming systems, as in the present work.

Compared to our most similar model, Ms7.0 Ma2.0 grav, their results present significant

differences. They only consider a LOS perpendicular to the initial magnetic field and find

a distribution of ZE that is closer to our distributions for sub-Alfvénic models. Also, the

general coherence of B⊥ in their column density maps is only observed in our sub-Alfvénic

models. This difference is most likely due to the fact that turbulence was not continuously

driven. Therefore, as turbulence decays their turbulent regime will approach the sub-

Alfvénic regime, with gravity and magnetic pressure becoming the main forces acting over

the fluid. Hence, the collapse will primarily occur along the field lines, resulting in dense

structures perpendicular to the magnetic field. Turbulence is dominated by the magnetic

field and cannot bend the lines, thus explaining why their results are more comparable

with our sub-Alfvénic models.

Hull et al. (2017) have also performed 3D MHD simulations in order to study the

alignment at smaller scales and compare with observations made by ALMA. As initial

conditions, they also consider a single sonic Mach number (Ms = 10), but they do consider

different Alfvénic Mach number cases, including a trans-Alfvénic and a sub-Alfvénic one.

Their work is a complementary to ours, since they focus on regions around collapsed cores,

while our results are more representative of the behaviour of larger regions of MCs.

A last remark is in order. More recently Gómez et al. (2018) studied the structure of

magnetic fields inside self-gravitating filaments in turbulent environments. They note that

the magnetic field around the filament is primarily perpendicular to the structure and the

collapse along the filament would later bend the magnetic field lines creating “U”-shapes.

However, they argue that the lack of resolution, as well as the decrease of polarization in

observations would not be able to detect this. This is compatible with the analysis we
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made in Figure 4.6, where the decrease of resolution simulated by the smoothing of the

image, changes completely the behaviour observed in the PRS.

5.3 Future perspectives

In future works we intend to extend characterization of MCs. Further statistical tools,

such as the bispectrum and statistical moments (see Burkhart et al. (2009)), can be applied

to our models. As remarked the in Chapter 4, the study of compressive driving turbulence

can also be explored, as well as simulations using an adaptive mesh refinement in order to

follow further the formation of gravitationally unstable clumps.

Beyond this, Melioli et al. (2006); Leão et al. (2009) and others have previously studied

the interaction of supernova remnants (SNR) with MCs. We intend to extend these works

by studying the effects of these interactions in small and intermediate scales of the cloud.

Clouds like Vela C are known to be associated with SNRs, and in the last decade, besides

the usual observations at larger wavelengths, very high energy instruments, like Fermi-LAT

satellite, have associated gamma-ray emission with star-forming regions, and its origin is

still not well understood. High energy cosmic rays are accelerated in the shock fronts

of SNRs and then interact with the local density and magnetic fields, and also with low

energy photons, both from the SNRs and also from the surrounding star forming regions,

producing gamma-rays. In the near future, the Cherenkov Telescope Array (CTA; Acharya

et al. (2013); Cherenkov Telescope Array Consortium et al. (2019)) will be able to explore

with much higher resolution and field of view the high-energy emission in these regions.

With this in mind, the study of particle acceleration and propagation inside MCs will be

important to help in the understanding of the origin of this emission, and it is also our

plan to explore this issue.
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Akhperjanian A., Alcubierre M., Aleksić J., Alfaro R., Aliu E., Allafort A. J., Allan

D., Allekotte I., Amato E., et al., Introducing the CTA concept, Astroparticle Physics,

2013, vol. 43, p. 3
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Gandilo N. N., Ade P. A. R., Angilè F. E., Ashton P., Benton S. J., Devlin M. J., Dober

B., Fissel L. M., Fukui Y., Galitzki N., et al., Submillimeter Polarization Spectrum in

the Vela C Molecular Cloud, ApJ, 2016, vol. 824, p. 84

Girichidis P., Konstandin L., Whitworth A. P., Klessen R. S., On the Evolution of the

Density Probability Density Function in Strongly Self-gravitating Systems, ApJ, 2014,

vol. 781, p. 91



104 Bibliography

Goldreich P., Sridhar S., Toward a theory of interstellar turbulence. 2: Strong alfvenic

turbulence, ApJ, 1995, vol. 438, p. 763

Goldreich P., Sridhar S., Magnetohydrodynamic Turbulence Revisited, ApJ, 1997, vol. 485,

p. 680

Gómez G. C., Vázquez-Semadeni E., Zamora-Avilés M., The magnetic field structure in

molecular cloud filaments, MNRAS, 2018, vol. 480, p. 2939
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Appendix A

A.1 Godunov Method

As stressed in Chapter 2, in this work we employ a Godunov based code to integrate

the MHD equations (AMUN; Kowal et al. (2009), https://bitbucket.org/amunteam/

amun-code/src/master/). There are excellent reviews on this numerical method in Bo-

denheimer et al. (2006) and Toro (2013). Here, we present only a very brief summary.

Equations 2.1 to 2.3 can be compacted in the following form:

∂U

∂t
+∇ ·F(U) = S (A.1)

Where U , F(U) and S are:

U =


ρ

ρv

E

B

 (A.2)

F(U) =


ρv

ρvv + (P + B2

8π
)I − BB

4π

(E + P + B2

8π
)v − v·BB

4π

vB −Bv

 (A.3)

https://bitbucket.org/amunteam/amun-code/src/master/
https://bitbucket.org/amunteam/amun-code/src/master/
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S =


0

ρg + F

ρgv

0

 (A.4)

U is the vector of state, that carries the conserved quantities defined in the center of the

cells in the domain, F is the vector of fluxes. The vector of sources, S, carries the terms

that cannot be written in the divergence form.

Integrating eq. A.1 over the volume of a cell in the position i (Vi):

∫
Vi

∂U

∂t
dV +

∫
Vi

∇ ·FdV =

∫
Vi

SdV (A.5)

∂U i

∂t
Vi +

∮
F · n̂dA = SiVi (A.6)

where U i and Si are the average values of U and S in the cell, and n̂ is the vector unit

normal to the volume of the cell (Powell et al. (1999)). The closed integral is evaluated over

the faces of the cell, where a Riemann solver 1 must be employed due to the interaction of

the states in different cells.

Bellow we present a simple example of how a Godunov scheme works. We consider a

one-dimensional case (which can be easily extended to three-dimensions) with no sources

and therefore, eq. A.1, reduces to:

∂U

∂t
+
∂F
∂x

= 0 (A.7)

We can rewrite eq.A.6 around each cell:

∂U i

∂t
=
F(U(xi−1/2, t))−F(U(xi+1/2, t))

∆x
(A.8)

1 Riemann solvers provide solutions to the inter-cell boundary problems. The solver relies on the

solutions obtained in each cell in order in order to obtain the numerical flux of conserved variables through

the cell interface (see Toro (2013)).
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where the index i ± 1/2 indicates the cell interface and ∆x is the size of the cell. If we

integrate this equation over time considering an initial time tn, for tn+1 we have:

Un+1
i = Un

i +
∆t

∆x
[Fn

i+1/2 −Fn
i−1/2] (A.9)

where Fn
i±1/2 are the averaged fluxes in each cell interface. However only the averaged

values inside the cells are known. This means that a method of reconstruction is needed

to interpolate the center value and allow the calculation of fluxes at the edges. It is also

required that the solutions obtained in each interface do not interfere, i.e.:

vmax∆t ≤ 1

2
∆x (A.10)

where vmax is the maximum velocity at which waves resulting from the interaction of the

interfaces propagate into the cell. For a complete discussion about this topic we refer to

Bodenheimer et al. (2006) and Toro (2013).

A.2 Multigrid Method to solve th Poisson equation

To understand the idea behind the Multigrid method we are using in order to solve the

Poisson equation (eq. 2.4) for our self-gravitating models, we describe the example of a

two-grid method following (Press et al. (2002)).

Consider a linear elliptic problem:

Lu = f (A.11)

where L is a linear elliptic operator and f is the source term. In the case of the Poisson

equation we can consider L = ∇2, f = ρ and u = φ/(4πG).

Discretizing the system in a grid with size h, our problem can be rewritten:

Lhuh = fh (A.12)
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Writing the approximate solution as ũh and the exact solution as uh, the correction

and defect follow, respectively:

vh = uh − ũh (A.13)

dh = Lhũh − fh (A.14)

The fact that L is linear implies that the error should follow:

Lhvh = −dh (A.15)

To solve this equation, we need some approximation so that we can estimate the value

of the correction vh. We can consider a simplified operator L̂ (e.g. the diagonal part of Lh
for a Jacobi iteration). This leads to an approximate solution:

L̂v̂ = −dh (A.16)

with:

ũnewh = ũh + v̂h (A.17)

In the multigrid method, this approximation lies in the idea of finding a relation between

our grid of size h with a coarser grid of size H = 2h (for instance). In this alternative

approximation we need to choose an appropriate LH , so the approximate defect comes

from solving the following equation:

LHvH = −dH (A.18)

This new grid has less cells than the previous, allowing to solve this equation faster

than eq. A.14. When we restrict our defect to a coarser grid, we will use the restriction
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operator, R. The inverse process will use the prolongation operator, P . With this, in the

coarse grid, the defect is:

dH = Rdh (A.19)

and with this we can find a solution ṽH from eq. A.18. Using then the operator P , we can

find the solution in the fine grid:

ṽh = P ṽH (A.20)

Finally, we can calculate the approximation ũh as:

ũnewh = ũh + ṽh (A.21)

The full coarse-grid correction consists of:

1. To compute the defect on the fine grid (eq. A.14)

2. To restrict the defect (eq. A.19)

3. To solve eq. A.18 exactly in the coarse grid

4. To interpolate the correction to the fine grid (eq. A.20)

5. To compute the next approximation (eq. A.21)

The complete two-grid method then consists of:

• Computing ūh by applying a relaxation method n1 > 0 times to ũh

• Applying the coarse-grid correction to obtain ûnewh

• Computing ũnewh by applying a relaxation method n2 > 0 times to ūnewh

We can then extend this idea and apply the coarse-grid correction to grids withH ′ = 2H

and so on. Applying this process several times allows us to achieve the convergence of our

problem.

Figure A.1 shows the general structure of the multigrid method. In our models, only

V-cycles are used. For further details on this method we refer to (Press et al. (2002)).
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Figure A.1: Multigrid cycle scheme. S denotes the smoothing process, E denotes the exact

solution in the coarsest grid. Starting on the left, each line downwards represents a restriction

(R) and each line upwards represents a prolongation (P). For V-cycles (γ = 1), E represents

one two-grid iteration each time the number of grid levels is increased by one. For the W-

cycles (γ = 2), each E step gets replaced by two two-grid iterations. Extracted from Press

et al. (2002).



Appendix B

Other models

In this Appendix we show the results of the PDFs and power spectrum analyses of the

other models considered in this work which are not in Chapter 3, see Section 3.1 and Table

2.1 for details.
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Figure B.1: Comparison of the 3D PDF of density between turbulent models with no self-gravity (solid

lines) and the initial state of the corresponding model with self-gravity (dashed line). The sub-Alfvénic

models are presented on the left and the super-Alfvénic ones are presented on the right side. Similar to

what is presented in Figure 3.3
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Figure B.2: 3D power spectrum of density for models with Ms = 1.8 and 4.0 that consider self-gravity.

On the left we have Ma = 0.6 and on the right we have Ma = 2.0. The red dashed line represents the

Kolmogorov power-law (k−11/3) for reference. Similar to Figure B.3.
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Figure B.3: 3D power spectrum of density for models all the models that do not consider gravity, similar

to Figures B.3 and B.2. On the left we have Ma = 0.6 and on the right we have Ma = 2.0. The red

dashed line represents the Kolmogorov power-law (k−11/3) for reference.
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